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Abstract. In this paper, we analyze the scalability and performance of
a probabilistic domain decomposition strategy for solving linear elliptic
boundary-value problems. Such a strategy consists of a hybrid numerical
scheme based on a probabilistic method along with a domain decompo-
sition, and full decoupling can be accomplished. It is shown that such a
method performs well for an arbitrarily large number of processors, while
the classical deterministic approach is strongly affected by intercommu-
nications. Therefore, the overall performance degrades dramatically for
rather large number of processors. Furthermore, we find that the proba-
bilistic method is scalable as the number of subdomains, i.e., the number
of processors involved, increases. This fact is clearly illustrated by an ex-
ample.

1 Introduction

Domain decomposition (DD) is considered one of the most natural ways to de-
couple boundary-value (BV) problems for partial differential equations (PDEs)
into sub-problems, in order to exploit parallel architectures, thus allowing for
high-performance scientific computing of large-scale problems. The idea, which
in its essence goes back to the 1870 work of H. A. Schwarz, is to split the given
domain into a number of subdomains, and then assign the task of the numeri-
cal solution on such separate subdomains to as many separate processors. The
main drawback, however, is represented by the fact that the solution is needed
on some interfaces internal to the domain, while solving BV problems for PDEs
has a global character. That is, the solution cannot be obtained even at a single
point inside the domain prior to solving the full problem. Consequently, certain
iterations are required across the chosen (or prescribed) interfaces, in order to
determine approximate values of the sought solution inside the original domain.
Both, overlapping domains and not overlapping domains have been considered
in the literature, see [13, 14], e.g. In any case, some additional numerical work
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is required to accomplish this task, and it is doubtful whether scalability can be
attained as the number of the subdomains (hence, of the processsors) increases
unboundedly [10]. Recently, a method has been developed which avoids the inter-
communication problems inherent to any traditional DD approach [1, 2, 4]. The
method based on a probabilistically induced domain decomposition (PDD), and
has been proven to be rather successful in homogeneous parallel architectures.
In Section 2, some generalities about the method are discussed. In Section 3, a
numerical example is shown, where the performance in a MPI environment was
tested. In the final section, we summarize the high points of the paper.

2 The probabilistic method

The core of the probabilistic method is based on combining a probabilistic rep-
resentation of solutions to elliptic or parabolic PDEs with a classical domain
decomposition method (DD). This algorithm can be referred to as a “probabilis-
tic domain decomposition” (for short, PDD) method. This approach allows to
obtain the solution at some points, internal to the domain, without first solv-
ing the entire boundary-value problem. In fact, this can be done by means of
the probabilistic representation of the solution. The basic idea is to compute
only few values of the solution by Monte Carlo simulations on certain chosen
interfaces, and then interpolate to obtain continuous approximations of it on
such interfaces. The latter can then be used as boundary values to decouple
the problem into subproblems, see Fig. 1. Each such subproblem can then be
solved independently on a separate processor. Clearly, neither communication
among the processors nor iteration across the interfaces are needed. Moreover,
the PDD method does not even require balancing. In fact, after decomposing
the domain into a number of subdomains, each problem to be solved on them
will be totally independent of the others. Hence, each problem can be solved
by a single host. Even though some hosts may end the computation much later
than others, the results obtained from the faster hosts are correct, and can be
immediately used, when necessary.

The implementation of the PDD algorithm can be accomplished through the
following steps:

1. Compute only few interfacial values by Monte Carlo simulations.
2. Interpolate on the corresponding nodes to obtain boundary values for the

subdomains.
3. Compute the solution to the original problem in each subdomain by standard

methods (e.g., finite differences or finite elements).

Therefore, the key idea is to generate only very few values of the sought
solution, u, by a probabilistic method, the Monte Carlo method, see [6], e.g. In
some sense, this approach allows to obtain the solution in some points, internal
to the domain, without solving first the entire problem. This can be done by
means of the probabilistic representation of the solution,

u(x) = EL
x

[

g(β(τ∂Ω))e
−

∫

τ∂Ω

0

c(β(s)) ds −
∫ τ∂Ω

0

f(β(t)) e
−

∫

t

0

c(β(s)) ds
dt

]

, (1)
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see [7], e.g., where β(t) is the (vector-valued) stochastic process associated to the
elliptic operator L, which solves the system of (Ito type) stochastic differential
equations (SDEs)

dβ = b(x)dt + σ(x)dW (t), (2)

where W (t) represents the 2-dimensional standard brownian motion (also called
Wiener process), and τ∂Ω is the first passage (or hitting) time of the path β(t)
started at the point x to ∂Ω.

The Monte Carlo approach is trivially parallelizable, since each of the N
problems above can be runned independently of the others. Stated in such terms,
clearly, the method appears to be scalable as well. Even though the probabilistic
algorithm we derived and considered here is scalable, naturally fault tolerant
[8], and well suited to grid and heterogeneous computing [5], it suffers for some
weakness, due to the inherently poor accuracy of all Monte Carlo methods. A
considerable improvement, however, can be achieved using sequences of “quasi-
random numbers” [6, 12] instead of sequences of pseudorandom numbers. The
pseudorandom numbers are those numbers obtained in practice, when we try
to generate truly random numbers, hence are approximately characterized by
a statistical distribution. The quasi-random numbers, instead, are deterministic
uniformly distributed numbers. Using the latter allows to obtain an error (now

deterministic) of order of O(N−1 logd∗

−1 N), d∗ representing a certain “effective”
space dimension. It was shown in [3] that the underlying system of SDEs can
indeed be solved numerically in a very efficient way.
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Fig. 1. Sketchy diagram illustrating the numerical method, splitting the initial domain
Ω into four subdomains, Ω1, Ω2, Ω3, Ω4.
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3 Numerical example

Here we present a numerical example, aiming at comparing the performance and
scalability achieved by a classical deterministic domain decomposition method
and the PDD method. For the purpose of illustration, we analyzed a prototype
partial differential equation on a rather elementary domain, indeed, the unit
square. The partial differential equation chosen is the Laplace equation.

A code in an MPI environment has been implemented and runned on the
MareNostrum supercomputer located at the Barcelona Supercomputing Center
(BSC).

Below, in order to compare the relative performance of the PDD method
against some deterministic method, we solved the same equation in both ways.
The deterministic algorithm is extracted from the numerical package pARMS,
having chosen the overlapping Schwarz method with a FGMRES iterative method
preconditioned with ILUT as local solver, see [15]. To split the given linear alge-
braic system corresponding to the full discretized problem into a number of sub-
problems, and solve them independently, in parallel, it is necessary to accomplish
a mesh partitioning. This should be done balancing the overall computational
load, minimizing, at the same time, the intercommunication occurring among
the various processors. We used ParMETIS [11] as a partitioner, configuring it
according to the characteristics of the particular mesh we adopted.

To make the comparison meaningful, we discretized the local problems within
the PDD algorithm by finite differences, and solved the ensuing linear algebraic
system by the same FGMRES iterative solver preconditioned with ILUT.

Consider the following Dirichlet problem,

uxx + uyy = 0 in Ω := (0, 1) × (0, 1), (3)

u(x, y)|∂Ω = g(x, y), (4)

where g(x, y) :=
[(

x2 − y2
)]

∂Ω
, for the Laplace equation in two dimensions.

The solution of such a problem is explicitly known, and is u(x, y) = (x2 − y2) in
Ω = [0, 1] × [0, 1]. In order to analyze scalability of both domain decomposition
methods, the initial domain was scaled conveniently as function of the number
of processors, p involved. This has been done in order to keep constant the
computational load per processor, being the space discretization fixed to ∆x =
∆y = 1.25 × 10−3. Here two cases have been studied so far. Firstly, the domain
was scaled along the x dimension proportionally to the nu mber of processors, p
(in the following, it will be termed as Case A), and secondly, both dimensions x,
and y were simultaneously rescaled (Case B). That is, the rescaled domain for
case A becomes [0, p]x[0, 1], while for case B is [0,

√
p]x[0,

√
p].

For both cases, the parallel run time of the PDD method can be estimated. In
the following, we focus only on estimating the time spent by the Monte Carlo part
of the algorithm. This is mainly because once a continuous approximation of the
interfaces is obtained, the problem is fully decoupled. Hence,the corresponding
time spent by the local solver in each subdomain (being of equal size) on separate
processors is independent of the number of processors.
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In [1], it was shown that the time TMC required for computing a single
interfacial value of the solution by Monte Carlo or quasi-Monte Carlo is given
by

TMC ∼ N1+β/α d f(d). (5)

Here α is the convergence order of the numerical scheme used to solve the under-
lying SDE, and β is equal to 1/2 or 1, depending on whether pseudorandom or
quasi-random number sequences is chosen. N denotes the number of realizations,
while d corresponds to the problem dimension. In particular, for this example,
the function f(d) turns out to be constant, when only one dimension is scaled,
and proportional to p, when both are scaled. This is related on how the mean
first exit time depends on dimension, see [1].

For the PDD method, let us consider k nodal points on each interface. Note
that the error due to interpolation, depends on the length of the interfaces.
Therefore, to keep bounded such an error, the number of nodal point should be
increased accordingly to the number of processors involved. This should be done
only for the case B, because the length of the interfaces remains constant for
case A. In fact, for case B the effective number of nodal points required to keep
bounded the interpolation error should increase as p1/2. The global domain is
partitioned into p subdomains. These are nonoverlapping squares (0, 1)× (0, 1).
For case A, a 1D partitioning is applied, and the number of interfaces is p−1. On
the other hand, for case B, the number of interfaces is 2(

√
p − 1) Therefore, for

case A the overall CPU time spent by Monte Carlo would be of order TMC(p−1),
while for case B, 2TMC(

√
p − 1) Thus, for case A the parallel run time for this

part of the algorithm is as follows:

Tp = TMCk
p − 1

p
∼ TMCk as p → ∞, (6)

while for case B yields,

Tp = 2kT ′

MCp
√

p

√
p − 1

p
= 2kT ′

MC(p −√
p), (7)

being T ′

MC = TMC/f(d). In Fig. 2(a), and 2(b), the parallel run time results for
case A and case B, respectively, are depicted. Note that the Monte Carlo part
remains constant for case A, while for case B increases linearly as function of the
number of processors. This agrees qualitatively with the theoretical estimation
obtained above.

In Fig. 3(a), and 3(b) the pointwise numerical error made in the PDD and
DD methods are shown in a contourplot. Parameters were chosen conveniently
in order to attain a comparable error for both methods. For the PDD method,
k was kept fixed to 2. Note that the maximum error made in each subdomain is
indeed attained on the corresponding boundary. The exponential timestepping
[9] used to solve the underlying SDEs (2) was characterized by λ = 〈∆t〉−1,
∆t being the random exponentially distributed time step used in solving the
SDEs, and the bracket denoting its average. Note that maximum error is of order
10−2, which corresponds mainly to the statistical error obtained from the Monte
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Fig. 2. Parallel run time of the PDD method versus the number of processors, where
the time spent by Monte Carlo and the local solver is also detailed:(a) Case A, and (b)
Case B.

Carlo method at the nodal points. Increasing the accuracy can be attained by
increasing the sample size, or resorting to sequences of “quasi-random” numbers
keeping fixed the sample size, see [2].

Fig. 4(a), and 4(b) shows the results corresponding to the deterministic do-
main decomposition method for cases A, and B, respectively. Here the overall
parallel run time has been decomposed in two parts, corresponding to the time
spent by the partitioner, and the iteration part. Note that both of them increases
when the number of processor grows as expected. Moreover, the iteration part
increases unbounded for larger number of processors due to the heavy intercom-
munications, degrading dramatically the performance of the algorithm.

4 Conclusions

The analysis of the performance of a probabilistic method, to accomplish do-
main decomposition for the numerical solution of linear elliptic boundary-value
problems in two dimensions, has been conducted. The solution is generated by
Monte Carlo simulations to solve the associated stochastic differential equations
only at very few points inside the domain. A Chebyshev interpolation using such
points as nodes is then constructed, and a full splitting into several subdomains,
to be handled by separate processors acting concurrently, is made.

A comparison with a deterministic DD algorithm for different partitions of
the scaled domain has been made here for the first time. This has been done in an
MPI environment. Working in an MPI environment also allows to test the effect
of processor intercommunications which beset all deterministic DD algorithms.
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Fig. 3. Pointwise numerical error in: (a) the DD algorithm, and (b) the PDD algorithm.

Besides the competitive results observed in the numerical example, the PDD
method is expected to be competitive concerning scalability and fault-tolerance.
These are indeed key issues if one intends to run codes on machines working
with hundreds of thousands of processors or more.
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