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1 Appendix A: Preliminary Results

1.1 Proof of Lemma 1

Note that the function ¢ (z) is an element of the Hilbert space L?[0,1]
of square integrable real functions on [0, 1], with inner product (f,g) =

fol f(z)g(z)dx and associated norm ||f|| = \/(f, f) and metric ||f — g||-
We first show that the sequence

_J1 for 7=0,
rj(r) = { V2cos (jmz) for j=1,2,3,.... (1)

is a complete orthonormal sequence in L?[0, 1]. This result is well-known in
the statistics literature (see for example Kronmal and Tarter 1968), but to
the best of our knowledge has not been used in the econometrics literature.
Therefore, we will prove it here, as follows.

Recall' that the functions

1, V2cos (imz), V2sin (jrz), i,j=1,2,3,...., = € [-1,1],

form a complete orthonormal sequence in L? [—1, 1] with respect to the uni-
form density on [—1, 1], hence every real function ¢ € L? [—1, 1] satisfies

tin > [ (@)t (2)) @

m— oo
n—o0o -1

!See for example Young (1988)



where

Ymm () = wy + Zw,\/ﬁ cos (imz) + Z wj\/isin (jmz) (3)

i=1 =1
with Fourier coefficients w, = % fil Y (z)de, wy = 5 ﬁ1 V2 cos (krx) v (x) da

and wy, = %fil V2sin (krz) 9 (x) dz. Now let ¢ (u) € L?[0,1] be arbitrary,
and let ¢ (z) = ¢ (|z|). Then ¢ (x) € L* (-1, 1), with Fourier coefficients

w = 3 [ plehdr= [ @

W = %/_lx/icos(kﬂx)gp(]ﬂ)dx:/() V2 cos (kmu) ¢ (u) du
w, = %/_lx/ﬁsin(kwx)goﬂﬂ)dx:o

Hence it follows from (2) and (3) that

1 n 2
lim (gp (u) —wy — Zwkﬂ cos (kﬂu)) du (4)
1 ! - :
=3 lim (gp(]:z;\) —gO—Zwk\/icos (/mx)) dx
=0

This proves the completeness of (1).
Next, let ¢, = [T + 1 for an x € [0, 1), where [2T] is the largest integer
< zT. Then

om(t2) = g (£T] + 1) = €z + ﬂi:gw cos [m ([xT] +1 L)]

T 2T
= [ (2

ga(t/T)ﬂ cos [im (t — 0.5) /T]

) o (152 )
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Hence by bounded convergence,

Om(z) = lim gp (2T +1) =& + Zé}\/ﬁ cos (imz), where

T—o0 -
=1

1
S = lim fo,TZ/ v (y) dy,
T—o0 0

1
& = Jim &y = / P (y)V2 cos(imy)dy, i > 1.
00 0

It is now easy to verify that

T
Jin 7360 - 0 = [[e - a6
Note that )
/01<som<x>—so<x>>2dx:/01w<m>2dm—zsf>o,
i=1
hence Y 07, &2 < fo ) dx < oo However, due to the completeness of (1),

we also have > 2, & = fo ¢ (x) dz. See for example Young (1988, Theorem
4.15, p.37). Thus,

1

im [ (p(@) = pm(2))*dz = 0. (6)

m—0o0 0

Combining (5) and (6), the first part of Lemma 1 follows.

To prove the second part of Lemma 1, suppose that ¢(z) is ¢ times
differentiable, where ¢ > 2 is even, and that ¢(@(z) = di%(x)/(dz)? is
square-integrable. Then ¢@(z) € L2[0,1]:

1

- 2
lim (gp(q) (x) — Z(—l)qﬂwqiq&\/ﬁ cos (zwm)) dx,
i=1

m—00 0

where fol (gp(q)(x))Q dr = 724" 1292 < oo. Now for m > 1,

/Ol(som(x)—w(fﬁ))2dfr= > ey (i)

1=m-+1 i=m+1

2qZ£22q fo W(q )) dx.

= 72 (m+ )% (m +1)? 724 (m + 1)*



1.2 The Stochastic Integral fol cos (¢mx) W (z)dW' (x)

The matrix fol cos (brx) W(z)dW' (z), £ = 1,2, ..., is a k x k matrix of random
variables whose (i, j)-th element is the scalar integral fol cos ({rx) Wi(x)dW;(x).
We first claim that for an arbitrary entry (i, 7),

C(x,w) = cos ({rx) W(x,w) € V¥*1(0,5) for s = 1,
where V¥*1(0, s) is the class of integrand functions V' for which the Ito inte-
gral [JVdW' is defined: (z,w) — C(z,w) is B x F measurable, C(z,w) is
F. adapted, and

s 9 1, sin(2frs) [cos (20ms) — 1]
E [/0 C(x) d:c] =5 + e 5+ 2 (26n? < 00

<:i, if.s:l,ézl).

Therefore, because C' € V(0, .S), the Ito stochastic integral of C' from 0 to s
is defined as

11C](w) = /O O, 0)dW (2,0) = lim gbn(x D)W (2, ),

n—oo

with limit in L?(P), where {¢,} is a sequence of simple functions such that

lim B { /0 (Cl) - gbn(m))Qdm} _o.

This condition is satisfied by taking

Zcos (bmsj) W(sj,w).1(s; <x < 8j+1) (7)
and 0 = 59 < 51 < ... < 8,1 < 5, = 5. For the chosen {¢,} in (7),

I[Cl(w) = lim Zcos (brsj) W(sj,w) (W(sjs1,w) — W(sj,w)).

Moreover, by the one-dimensional Ito formula (see Oksendal 2003, page 44)>
we have

1C)(w) =

cos (¢ms) sin (¢rs) dm [° . 5
—_— ——— =+ — [ sin({mx) W*(x)dx
2 207 2 Jo (tr) (%)
2In Oksendal’s (2003) notation, X; = By; g(t,x) = cos({rt)x?/2; Y; = cos(¢mt) B2 /2.
The result follows after some manipulations.

W (s) —




where [ sin (¢r2) W?2(z)dz is a random variable with expectation

E ( /0 S sin (¢mrx) WQ(:EM:B) = Sir(}(f;s) - Coséﬁm)s.

Therefore,
1
E (/ cos ({mx) W(x,w)dW(:E,w)) = 0.
0

The quadratic variation process of
t
C(t) = / cos (Urx) W (z) dW' (x),
0

a k x k matrix-valued martingale in continuous time with respect to E(k), is
now

(C)(t) = /Ot Var [cos (brz) W (z)d W (x)’ }“w]

= /Ot cos® (brz) W (z) W (z) dz ® I,

2 Appendix B: Time Varying Cointegration
Without Drift

2.1 Proof of Lemma 2

Recall that by the Beveridge-Nelson decomposition we can write
¢
Yi=Yo-V+C1)Y Uj+V;
j=1

Assumption 3 implies that Yy — Vy = 0, but there is no need to impose this
restriction here. Now

T T

1 1 )

72 Pir (VUY/ =v25 Y cos(jm(t—05) /T)UYiy  (8)
t=1 t=1

t—1

= \/ﬁ% t_ilcos (jom (t—0.5)/T) U, Z U;C(1)y

J=1
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T
1
+ \/5? Zcos (jom (t—0.5)/T)UV/ 4
t=1

+ \/5% Zcos (jr (t—0.5)/T) U (Yo — Vo)

t=1

It is easy to verify that the last two terms are of order O, (1 / VT ) . Moreover,
it follows from Lemma A.2 that

T t—1
1
T Zcos (3. (t/T —0.5/T)) U, Z U;
t=1 j=1
1 T t—1
= cos (j.m (1= 0.5/T)) YUy U
t=1 j=1

1 1 [T t—1
~|—j.7r/ sin(jr (x —05/T)) | = 30307 | da
0 =1 =1

which by Lemma A.1 and the continuous mapping theorem converges in
distribution to

cos [j.] /0 AW g /0 in (o) ( /0 " (aw) W’> do

:cos[j.ﬁ]/ol (dW)W'—/Olw (/Om(dW)W’) dz

:/0 (dW (z)) cos (j.mz) W (z)'

The latter follows via integration by parts. The first result in Lemma 2 now
follows easily from these results.
To prove the second result, observe that

% icos (]7‘(‘ (t — 05) /T) (AY;—€> YZ—I
_ % Z cos (. (£ — 0.5) /T) (AY;_) Yoy — Y1)

T
1 )
+ T E cos (. (t—0.5) /T) (AY,0) Y] |,
=1

6



Again, it follows from Lemmas A.1-A.2 that

% ZCOS (jmr(t—0.5) /T) (AY,—¢) Yip 1

T

= cos (j.m (1—0.5/T)) % > (AYig) Vi
1 [zT]
b /0 sin (jur (z — 0.5/T)) (; S (AY, ) y;l) do

2, cos (j.r) <C( ) (/1 (W) W) cay + M0>

W/O sin (j.7z) ( (1) (/0 (W) W’) C’(l)’+xM0) da

c() (/ (dW) cos (j.r.z) W’) cay +/01 cos (j.m.z) da My
—cony ( / (dW) cos (j.r.z) W’) cay

0

Moreover, by stationarity,

% S cos (o (t = 0.5) /T) (AYig) (it = Y1)

converges in probability to a matrix M;,. The second result of Lemma 2
follows now easily.
Finally, it follows from Lemma A.2 that

T2ZRT )Y/,

—2—2005 (i.m (t —0.5) /T) cos (jr (t — 0.5) /T) Y1 Y;_,

t=1

— 208 (i (1 — 0.5/T)) cos (j. (1 — 0.5/T)) % SVY

—2/0 dcfc (cos (1.7 (x — 0.5/T)) cos (5.7 (x — 0.5/T)))
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2T

= ZYt Y| de (9)

As is well known, under Assumption 1,

[zT]

ZYt Y = C /W y)' dyC(1)

hence by the continuous mapping theorem,

t)YiaPir (t) Y/,

IIMH

2cos(z ) cos (j.m)C / W(x)W (z)'dzC(1)’

—20(1)/0 %(cos(i.wx)cos(j.wx))/o W(y)W(y) dyC(1)
:20(1)/0 cos (i.mx) W(z) cos (j.mz) W(x) deC (1)

where again the equality follows via integration by parts. This completes the
proof of Lemma 2.

2.2 Proof of Lemma A.3

The existence of the probability limits X33, X x5 and X x x follows straightfor-
wardly from Assumptions 1-2, and the nonsingularity of ¥ x x follows straight-
forwardly from Assumption 5. Note that 355 is the variance matrix of the
residual ¢; of the linear projection of BY,1on Xp: Y =X, + g, say.
Therefore, if this variance matrix were singular then there exists a vector 6
such that §’'3Y,_; = ¢TI, X, a.s. Assumption 5 excludes this.

As to the probability limit ¥gg1,,,, gor,.,., Observe that similar to (9),

T

Z t) Y 1Y/ 48

_ 2% z:;cos (6.7 (£ — 0.5) /T) cos (jor (£ — 0.5) /T) BY; 1Y) .3



T
— 9cos (i (1 — 0.5/T)) cos (. (1 — 0.5/T)) % S BV YL
t=1

—2/0 %(cos(z’.ﬂ (x —0.5/T)) cos (j.m (x — 0.5/T)))

1 [T

T Z BYi 1Y/ B ) da
t=1

for i, 5 > 1. We have already established that

T
1
72 BYiaY 1B =S + 0,(1).

t=1
Moreover, it is not hard to verify that

[+T]
pJim 723 BV Y46 = 2.8,

t=1

pointwise in z € [0,1]. Tt follows therefore by bounded convergence and
integration by parts that

phm fZPzT t)BYi 1Y/ 1B

=2 (co i) cos (37) - / oL (cos (ia) cos (o) ) %9

2/ (cos (i.mx) cos (j.mx)) dz.Xas

( cos ((i + §) 7rx)d:c+/olcos((i—j)7m)dx) I
(sm (i+4)m Sm((i—j)ﬂ))zﬁﬂ

(i+j)m (i—j)m
| Xgs if 1=y,
| O, it i#g

Similarly, for i =0 and 7 > 1,

p lim —ZP, ) Por (t) BYi 1Y/ 13 (10)

T—oo '



—V2 (cos (jom) — / 1 ddx (cos (j.mz)) dl’) E

1 . .
= \/5/ cos (j.rx) dz.Xgs = \/ﬁsm,(‘m)Zm = Orrm
0 JT

Hence, Yggr1,, 1,800 = 2838 @ Lyi1. Moreover, note that Ygger,,,, is the
matrix formed by the first r rows of Yger, ., ger,...- Thus, Xgger, ., =
(288, Orr.m) - The result for Xx ggr,,,, follows by replacing Py r (t) 8'Y;—1 in
(10) by X;.

Finally, since ¥j; is nonsingular, so is Xgg, and therefore X5, 50,
is nonsingular.

2.3 Proof of Lemma A.7
Substituting AY; = af'Y;_1 + I'X; + CyU; in the expression for SéT)T yields

T
m 1 / m)’
Site = og 20V (11)

T T
/ 1 / m)/
() (730) (TZXt ')
T
TZ Uy,
—1
T A -1 1 ,
( Z Xt) <TZXtXt> (TZXt}/;(;ni)>
—1 =1 =1
(alQaL)_l/QaLSMT—(aLQaL 1/20@0 ZUt (12)

— (& Qa,) Ve G (fz:: ) (T ;XtX;>

{i50)

10
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It follows now straightforwardly from (12) and Lemma A.1 that
1 I
(o Q) ol ST = o Cos DS UYTY +0,(1)
t=1

1 o~
(o) Q0) 2, / (W)W, (C(1) @ Ty)
0
hence

(o' Qar) 2! S5 (B @ L)

1
9 (o Qa) V2o, C / (dW)W;((CgaL (alQOzL)_I/Q>®Im+1)
0

1 —
- / (de‘—?‘) Wl;fr,m
0

Next, it follows from (12),

Z 5®Im+l) = Op<1)7
=1 1 .
y— UtX; = Op<1)

and Lemma A.3 that

VT (o Qa ) ol S{T) w ® Imm
= (@ Qa1)" 0l ZUt " (B L)
1 1 & -
— (o Qo)) M, Cy (— > UtXt'> (- > XtXt'>
\/T t=1 T t=1
I ¢ (m)
“\ 7 ZXtY;;—1 (B ® I1)
t=1

:(alQaL)*lﬂ / fZUt i 1 ﬂ®[m+1)

11
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T
_ 1 / _
— (O/J_Qaj_) 1/2 O/J_CO (ﬁ Z UtXt> (ZX:}XZXB’ Ok(p71)7r'm)
t=1

+0p<1)
Zﬂt (H5 (B ® L) = (X/2X5Sx0,0,,0) ) + 00(1)

where ¢, = (O/LQaL)_l/Z o/, CoUy ~ iid. Ny, [0, Ix_.]. The result

VT (0, Qa1) 2 ! S (B@ Inir) 5 Z

follows now from McLeish’s (1974) martingale difference central limit theo-
rem.
Let 9, be component ¢ of ;. Then

T

1 Y NP X
_E . ! (m) _ XBHX XAt
\/T t=1 Ui ((6 “ Im+1> Y;ﬁl ( O?‘~m71 ))

converges in distribution to column ¢ of Z’. The normality of Z then fol-
lows from McLeish’s (1974) central limit theorem and Lemma A.3, and the
independence of the columns of Z’' follows from the independence of the
components of ;.

Finally, it follows from (55) and Lemmas A.4-A.3 that

T
(O/Q_loz)fl a’Q_lSéﬁ)p = Z BY, Y™ (14)
=1

1 T T -1 A /
— (? Zﬁln—l)g) ( Z > ( ZXth(—nf) )
t=1 = t=1

T
+ (07 ') a0 100—2(@ (m)

t=1
10—-1.\"1 10-1 1 a ! 1 d /
— (Oé Q Oé) a2 C() T ZUtXt ? ZXtXt
t=1 t=1
L\ gy
X T;thl

12
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T T
1 / m)’ _ ]. m)’
S S ) (? >t
=1
+ (/Q7"a) L Cy— Z UY, ™+ 0,(1)

Now
(@) " a'Q 7SS (B © L) = M
follows straightforwardly from (14) and Lemma A.4, and

(@'Q7ta) " @SS (B @ Lng1) = (S55, Or ) + 0p(1)

follows straightforwardly from (14) and Lemma A.3.

2.4 Proof of Lemma A.9
It follows from Lemmas A.1 and A.3 that

T T T
m 1 m m)’ 1 m) v/ — 1 m)’
Sk = 33wy - (3o s (7 3wy
t=1

Moreover, it follows from Lemma A.1 and Lemma 2 that

(ﬁj_ ® Im+1) N ([ﬂ ® Imy1)
4, ((C’{)ou (O/J_QOQ_>_1/2> ® Im+1)/ /01 Wm(m)w;n(m)dm
X ((C’éog (OélQOéJ_)ilm) ® Im+1>

1 —_— —
- / Wk—r,m (':E)Wl::—r,m (l’)dl'
0

N~

Furthermore, it is not hard to verify from Lemma 2 that
St (8® L) = 0,(1)

13



hence 1
pfim —— (1@ Inia) S (B Lns1) = Opry

T—o0

Finally, it follows from Lemma A.3 that

p lim ('@ Ini1) S{17 (B ® i) (15)

T
1 m)yr(m
—phmTE (B L) YIVY, TV (B ® L)

T—o00
t=1

T
- (pTl; Z B ® L) Y, RX) Sy

(leglgo o Z Xy (Be Im—f—l))
= Zﬁ®fm+1,ﬁ®fm+1 - Zﬂ®Im+1XZXXEX,ﬂ®Im+1

_ Zgﬁ Or,r.m
Or.m,r Zﬁﬂ & Im

2.5 Proof of Lemma A.11
It follows from Lemma A.7 that

z‘ Zﬁzt< _1/2 )(Ormr7 )(ﬁ ®[m+1>Y( )

_> ‘/z ~ NT.m [07 Irm] )

where V; is column ¢ of V', and 1, ; is component ¢ of ¥, = (aﬂ_QaL)_lm o/ CoUs.
Moreover, note that

N aT)

1
M/i,qu“(x) = ﬁ Z 197;15 = VVZ"]{;,T('T)
t=1

where W; j_, is component i of W_,. To prove that V; and W;;_.(x) are
independent, consider the empirical process

Vi( th( 255/ © In) O Lem) (8 © Inia) V17

14



Clearly, YN/Z = V;, where V;(.) is a r.m variate standard Wiener process, and
V; = V;(1). It suffices to show that for all z,y € [0,1] and 4,j =1, ...,k — 7,

E [\N/,(x)/VV]k—r(?J)] — 0. This is trivial for ¢ # j. For ¢ = 7,

B [Vi()W, m< )| = (55 @ 1)
T])

mll’l

zT),[y
X % Z E [(Or.m,ra Irm) (5/ ® Im+1) Y;(Iri)i|
=1
_ (2 1/2 ®1, )
1 min([zT7,[yT7) ,
T Z (Prr () E[Y1B] ooy P (8) B [V, 5])

t=1

=0

because by Assumptions 1-3, E [YZ_ lﬁ} = 0. This proves the independence
of V and Wj_,.. The proof of the independence of V' and W,,_,.,,, is similar.

2.6 Proof of Theorem 2
2.6.1 Data Generating Process
Recall that the data-generating process involved is
Zy = (Zvy, Zoy)
where Z;, € R and Z,; € R are assumed to be generated by

AZyy = 0Zig1+by(t)T) Zog1 + Ury (16)
AZyy = Uy
Ut = (Ul,t7 U27t)/ ~ lld N2 [0, _[2] 5

Moreover, for some m > 0,
1b2 t/T Zp] jT (p07p17“"7pm)

where the P;r (t)’s are Chebyshev s time polynomials. Then

(b1.ba (/7)) = b S Py ().

=0

15



where ¢; = (1, po) , and ¢ = (0, p;) for j > 1. Hence,

AZyy = b (Zl,tl + ijPj,T (1) Z2,t1> + Uy,

J=0

= b Z §]I-Pj,T (t) Ziy +Upy = b1§/Zt(_m1) + U
=0

AZyy = Uy
where
"= (1, 0,0, 1,0, p3, ..., 0, pn) (17)
and
(m) Zﬁzl ~
Zy_q = Z(’rn) =Zy1 @D (t/T) (18)
21
with

Zi(le = (Z{,t—b Pl,T (t) Z{,t—lﬂ PQ,T (t) Zz{,t—b ) Pm,T (t) Zi,tfl)/ , 1=1,2,

and
P (t/T) = (1, Py (t), .o, Pz (1))
We can now write the model in VECM(1) form as

AZ, = 6¢ 7™ + U, (19)

§= ( 81 ) (20)

In the sequel we will refer to this model, together with the applicable
parts of Assumptions 1-2, as Hfm) (p=1).
Under H™ (p = 1) the matrices Soo.r, Sﬂn)T and S(()T%, become

where

T
1 ,
SOO,T - TZAZtAZt (21)
t=1
1 T
Sty = w2 A4 (22)
t=1
1 T
Sy = ?ZAZtZﬂ) (23)
t=1

respectively

16



2.6.2 The matrix SS?T

Under H _{m) (p = 1) the results of Lemma 6 in the paper read:

Lemma B.1. Under H™ (p = 1),

1
AZl,t = tz: 1 + b1 t — j)/T) — bg (0)) UQ,t717j + Vt
7=0
and
b1Z14-1+ba (t/T) Zayp—a
-1
= t (14 b1) (ba ((t = 5)/T) = b3 (0)) Uppy—j + Vi — Un

3=0

where
i 1+ b)) Usyo1-j +b1§:(1 +b1) U1y + Uny
7=0 Jj=0

Moreover, it follows from Lemma B.1 that

21— 1+ij 3T )ZZ,tl)

7=0

111+ ba (t/T) Zay

bi'Z™M = b

/‘\

t—

= (14 1) (ba ((t = 5)/T) — b2 (0)) Usy-1-j + Re

- N

<.
Il
=)

where

[ee)

(1+ bl)j Usi—1—5 + b Z (1+ bl)j Uri—1-

J=0

R, = by (0)

I

I
=)

J

Furthermore, we have

Lemma B.2. Under H™ (p = 1),

z[mT/\F:»( bt (o ))Wzm

17
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where Wa(x) is a standard Wiener process, hence

1 0 1 « ,
fsn,T = ﬁzztflztfl

t=1

i) b fO bg WQ( )2dl' —b fO bg WQ( )2dl’
—b 1 fO bg W2 le' fO W2 d.%'

Proof: Note that the model for Z; ; reads
Zvy = (1+b1)Z1-1+ba(t)T) Zoy—1 + Ury

t—1 0o
= > (A+b) b ((t—§)/T) Zogo1-5 +b2(0) Y (1 +b1) Zaya
j=0 J=t
+Y (L +by) Ury
=0
t—1

= (14 1) b ((t = §)/T) (Zay1-5 — Zap)

<.
I
=)

(140,) Uy

’M8

Il
=)

+

J
t—1

+Zzoz (1+b1) b ((t — §)/T) + Zagbs (0 Z (1+4by)
7=0 j=t
+b2 (0)Y " (1+b1) (Zog-1-5 — Z20) (26)
j=t
t_

[\

(14 1) by ((t = 5)/T) (Zag-1-j — Zap) + Op (1)

I
T‘/\OM
[\V]

J

where the O, (1) is uniform in ¢ = 1,...,7. Hence

ZuaIVT = 32 (40 by (0= )/T) Wair (0= 1= 3)/7) +0, (119
where for x € [0, 1],

W2T \/—ZU2t:>W2 )

18



Moreover, by the mean value theorem,

t—

[\

(1+61) b2 ((t = 5)/T) Wer ((t = 1= 5)/T)

i
o

—by (t/T)> (14 by) War ((t — 1= 5)/T)

J

Z!1+61|]J (War ((t—=1—5)/T)| sup |by(z)]

0<z<1

I\
o

<—Z!1+51|”J sup. \WzT( )I S Ib'( )|

O, (1/T)

where that last result follows from the fact that [1+b;| < 1, supg<,<; [Wa,r ()]
d
— SUPy< <1 [Wa ()] and supg,<; [b5 () | < oo. Thus,

Z1 JNT = by (¢/T) Z (L4 b1 War ((t = 1= 5)/T) + O, (1/VT)

be (t/T) War (¢ = 1)/T) Y (L +br)

J

N

I§
S

by (4T) S (14 b)Y (Wi (£ = 1)/T) = War (= 1 — )/T))

J

0,177

Next, observe that

N

J=1

E [(Z (1+ by’ (Wor ((t—=1)/T) = Wor ((t -1~ J)/T))> ]

= X_: z_: (14 b)) ™ E[(War ((t —1))T) = War ((t — 1 — 51)/T))

Jj1=1j2=1

X (War ((t=1)/T) = Wor ((t = 1= 352)/T))]
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~
N
N

t—

N[~

(14 by)” ™2 min (jy, jy)

Il
MR

172

<.

1

A

Hence

=l

Zl1+bllf'j> =0(1T)

1

Zy1/NT = by (t/T) Warr ((t = 1)/T) L= (1_—2 by + O, (Uﬁ) .

It follows now easily that for = € [0, 1],
Z1 oy /NT = —by by (2) Wa (@) .
whereas it is a standard result that
Zg,[mT]/\/T = W (x).
Q.E.D.

2.6.3 The matrix S(()(l)?T
It follows from (16), (24) and (25) that

T 0o T
1
+ 51? Z <Z (1406, Uy tlj) Zy i+ T Z UirZy_4
t=1 \j=0 t=1
| Lo '
= fz by ((t = 7)/T) (L +b1) Unpo1-52; 4
t=1 j=0

20



T oo
+bl%zz L+ b)) Uryr jZ 1+ = ZUHZt .

t=1 j=0

oo T
A 1
+ by (0) ( E (140 Ug,_l_j) E (1+by) Zt' 1
7=0 t=1

Using Lemma A.2 in the paper, we can write
t—1

Z by ((t = 5)/T) (14 b1) Usp 152,

= by (t/T) Uzp—12;_,

t—1 .
t 7 t—1 ;

t—

=

=by (t/T)Uny1Z,_1 + o (1T)Y (14 b1) U1 2,4

g

Il
—

J

[z(t—1)]
t—1 ! t t—1 ,
+T/O by <T T > 2 (L +b1) Upp1-5Z; ydx
t—1 '
=by (t/T)Usy1Z; y +b2(1/T) > (1+b1) Upy1 57,
j=1
t—1 ! t t—1 > ,
) b (? P ) d‘”; (L4 b1)’ Uzeo1-52;_4

t—1 ! t t—1 > ,
S () X are ez
0 j=le(t—1)]+1
t—1

= by (t/T) Upp1Z)_y + b (1T) Y (1 +by) Usyr-57;
7j=1

— (b2 (1/T) = by (t/T)) > (L4 b1) Unyo1—3 2 4
7=0

e}

t—1 t t—1 ;
7 /. b’2 (? - ) | > (b)Y User 2 yda
j=le(t-1)]+1

= (b2 (t/T) = b2 (1/T)) Uzs-12;
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o0

—by (1/T) (14 b1)" > (L4 b1) U157,

Jj=0

+by (¢/T) Y (L4 br) Usyo15 244
=0

t—1 (', [t t—1 - :
iy b/2 (? — . T ) Z (1 + bl)J U2,t717jZ£_1dx
0
J=le(t=1)]+

Thus,denoting,

(14by) Uy

ASL
[
NE

0

<.
I

(14 b1) Uy

(st
[

<
[l
o

we can write

1 T
?ZAZMZQ_I

t=1

1 < .
=7 Zb2 (t/T) (UQ,t—l — U2,t—1) Z_

t=1
+b1—ZUlt v 1+T;UMZ; L= by (1)T) = ZU2t 2
T

+ (by (0) — b (1/T)) Up,—1 7 Z (1+b) 2,

1 ~t—1 (1 t—1 [2(t—1)]+1 /
- Z T ; b2 T~ x. T (14 by) U2,t717[z(t71)]71dxzt—1
t=1

The last two terms are o, (1 / VT ) , which can be shown as follows. First,

observe that
T 1
1 t—1 t—1 1
— N bl — (1 — —
T; T /O 2( 7 m)+T)
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X (1 + bl)[x(t_l)Hl [72 t—1—[x(t— )}_1dx.Zt,1
< sup |bh(z)| x max ||T7?Z,_4||

0<z<1 <t<T

Z /’1+b1 z(t—1)]+1

dx

U2t 1—[a(t—1)]-1

dx]

and

S

1 t—1 (! (- ~
7 > T/ |1+ by | ’Uz,t—l—mtfl)]fl
=1 0

i~ 1 e=t—1
L T 14+b [x(t—1)]+1 dx

I 7_/0 \/Tt_zl T | 1|

—_ _ 1 1 T
= E ||Uzp ﬁ/ / M|1—Fbl|[gc[yT]]+1alacdy

L B 0 0 T

I 1,1
< E ||Uso|| VT / / y |14 b "D dzdy
:E_ﬁzo_ \/7/ (/ yexp (x (yT—1)1n|1+b1|)dy) dx

L 1
= E ||Usg ﬁ/ exp (—zIn |1+ by) (/ yT exp (xyTln\l—l—bﬂ)dy) dx
: . 0 0
=0, (1/\/T>

The latter follows from the fact that In |1+ by] < 0 so that by bounded
convergence

I
&
S

1
lim [ yTexp(zyTIn|l+b1])dy =0

T—o00 0

pointwise in z € (0, 1].
Next, observe that by (0) — be (1/7') = o(1) and

1 T
?;(Mrbl)tZtl < max [T7127, 1H\/_Z|1+b1

1 12 1
< T T 2l gy
= 0, (YVT)
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because it follows from Lemma B.2 that max;<<r ||T*1/2Zt_1H = 0, (1).
Hence

T T
1 1 _
= ; AZyZi = = ; by (t/T) (Uz,t_l _ Ug,t_l) Z
1 o ~ 1 <&
+blf Z Ul,t—1Z£,1 + T Z Ul,tZ£71
by (1/T) = ZUM Ziy+ 0, (VT

Again, using Lemma A.2 in the paper, we can write

i (t/T) (Ug,tq - ﬁQ,t—l) Zy_

1 ~ ! ~
= by (1) T Z <U2,t71 — U2,t71) Z,_, — /0 b, () T Z (U2,t71 - U2,t71> Z_4

t=1 t=1

hence
1 « 1 « .
=820z = b)Y (Vs = Uit 21,
t=1 t=1
1 1 [zT]
_ / () = 3 (Usit = Daat) 2
0 t=1

T T
1 ~ 1
+hi7 Z UriZiy + Z Ui 24
—bg 1/T ZUgt 1Zt 1+0p (1/\/_)

It is now a standard exercise to prove that % ZtT:1 AZy 1 Zy4—1 converges
in distribution. In particular, there exist constants o;, k; such that

T 1

1 -

T E <U2,t—1 - UQ,t—1> Zai1 4, 01 / Wy (z) dWs (z) + Ky
t=1 0
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(2T

1 ~
/0 b/2 (iU) % Z (U2,t71 - U2,t71> Z2,t71

t=1

4, o2 /0 (@) ( /0 ’ Wg(y)dWQ(y)) d +

T 1

1

? E Ug,t_1Z27t_1 i) / W2 (l‘) dW2 (ZL‘) +1
t=1 0

T 1

1 -

— Urt-1Z241 <, o3 [ Wy (z)dWi(z) + k3
T 0

t=1

T 1

1

T Z Ui 2241 <, / Wy (z) dWy ()
t=1 0

where W is a standard Wiener process which is independent of Wj.
To prove that also % Zthl AZ,yZy 41 converges in distribution, observe
from (26) that

t—2

Zig1 = (L4b1) by ((t = 1= )/T) Zoy—o-

<.
I
o

+> (140 Uiy

j=0

+by (0) (1 +by)"" (Z (14 by) Zg,_l_j)
j=0

t—2

= (L4b1) bo ((t = 1= )/T) Zoyo-

j=0
U141 + b2 (0) Zo,—y (1+by)
t—1

= > (40 ba((t—1—=§)/T) Zog2j+ Uy
j=0

by (0) (Z’H _ ZH> (14 b))
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It follows from the mean value theorem that for 3 <t < T,

t—1
Z b2 ((t —-1- J)/T) (1 + bl)J Z2,t727j
7=0
t—1 A
— Z by ((t—1)/T) (1 +b1) Zoy o
7=0
t—1
< by (2)| = 1+ b6/ |Z
—0221| ) ;ﬂ 1’ | Z4—2—j]

1
< — sup |by(2)| x max [T~ /th‘XZj’1+bl|]

T 0<z<1 <t<T
-0, (1 /\/T)
hence

t—1
Zl,tfl = t — 1 /T Z 1 + bl Z2,t727j + Ul,tfl
7=0

b (0) (Zg,f1 - ZH) 1+0)"+0, (1 /x/T)

Then, for example,

T T t—1

1 .

T E Usp 12141 = E ((t=1)/T)Uzy—1 E (1+b1) Zoyoj
t=1 t=1 7=0

1 _
+? Z Ust—1Ur -1+ 0, (1)

t=1

Denote Z\Q’t_g = Zg’t_g for ¢ Z 1, Z\g’t_g =0 for t < 1. Then

T 00 T

1 1 ~

T Z Usp1Z14-1 = Z (1+by) T Z bo ((t —1)/T)Ust—1Z94—2—;
=1 =0 =1

T
1 ~
+f él Ust—1Ur—1 + 0, (1)
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Using Lemma A.2 in the paper, we can write

'ﬂ |

T
Z (t—=1)/7) U2t1Z2t23

2 (1-1/T) = ZUu 1Z2t 2—j

(2T

1 ~
_/ by (x —1/T) T Z Us—124—o—jdx
0 t=1

which converges in distribution or in probability. Moreover,
1 — . .
=3 Usealiis 2 B [Unali
t=1

Thus %ZtT 1Us 172141 converges in distribution. By a similar argument
it follows that & Zt 1 AZy 174 41 converges in dlstrlbutlon Along the same

lines it can be shown that & Zt VAZy Zy = Zt 1 U Z, 1 converges in
distribution. Consequently,

Lemma B.3. Under H™(p = 1), Sé??T = LS AZZ, 2 59 where

the latter is a random matriz.

2.6.4 The scalar ¢ Sg”)Tg
It follows from (24) and (25) that

BB <20 2] = 3 (b)Y (b (= 5)/T) = b2 (0))

+2§:1+b1 2 ((t = )/T) — b2 (0))

b%+b2()
1—(1+4b)°

i
o
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Since by is differentiable with bounded derivative b, it follows by the mean
value theorem that

t—1

i L0 (b (= )/T) = B2 ) = 3 (150" (b (4/T) = b, (0)
< Sel[lopl] |ba()| Z (1+6)75/T<T? sélt)p1 |ba ()] Z (1+b)%
—O0(1T) "
hence
>~ (14 0 (b3 (¢ = )/T) ~ 12 0)

t—1

(1+ b))% (by (t/T) — by (0)) + O (1/T)

[e=]

j=
1—(1+4b)*
=——= (b (t/T) =02 (0)) +0O(1/T
oy D -mo) o0/

Similarly, it follows that

t—1

(L+61)% (b2 ((t = §)/T) = b2 (0))*

Jj=0
1—(1+b)* 2
= T (b (t)T) — b2 (0)* + O (1/T
1—(1+b1)2(2</) 2(0)) (1/T)
Thus,
1 T
lim BE |\ =S 277
t=1
T 2t
1l —=1—(14b) 2
= lim — by (t/T) — by (0
B Ty D -k O)
T 2t
11— (1+b)
+2 lim — by (t/T) — by (0
dm 7> e D — b (0)

=1
N b2 + by (0)°
1—(1+b)
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It follows now easily that

(m)y

pTlijgodSiT)ﬁ = plggo—ZCZ ZE

T

Z m) Z(m

=1

= lim F

T—o00

1 ! 2
e | RGOS

42 / 1 (by () — by (0)) dzz + b2 + by (0)2] (27)

2.6.5 The matrix Sy r
Recall that

Seor = ANZ, N\ Z,

|
Nl =
]~

t

1

(552@3 + Ut> (Zfi”f’q(s' + Ué)

Il
N[ =
]~

t=1

= S0Yc88 + 6 Zgz,fmlU’

t=1
1« 1«
o D UZ<E + 7 Y U]
t=1 t=1
It follows from (24) and (25) that

t—1

E [bﬂ'Zle)Ut’} = Z (14 b1) (b2 ((t = §)/T) = b2 (0)) E [Uzy—1-;U}]
:LE [RU]=0

It therefore follows straightforwardly from (20) that

2 07 1 q(m)
pTh_Igo Soo,r = ( 81 P lmr—co ¢ Sll’Tg 1 (1) ) (28)
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2.6.6 The vector SST)TC

The vector S(()T)Tg is given by
| T
501 Is T Z AZtZt(Tl) <

- = Z A4 Z U,Z™ ¢

Similar to the previous results it follows straightforwardly that

: 1 q(m)
P hm 501 G = ( gl~phmT—>oo§5117T§ >

2.6.7 Conclusions

Consequently,
L am <StorSaorSoirs _ Biplimr o <'Sii
p lim )\m =p lim = = - o) € (0,1)
T—o0 T—o0 'Sy rs bi.plimy o ¢'S)yps + 1
(29)
On the other hand, it follows from Lemmas 3-4 and (28) that
0) a-1 ol0) d
Br = SiO?TSOOTTS(()l?T — B

say, and
A _ iS(O) i) b fO bg W2< )2(1!17 —bllfo b2 Wg( )2d$
Tt bt [ ba (2) Wa(2)2de [} Wa(x Qdm
= A

say. Hence, for any nonzero vector 3 € R?,

ﬁ’SiSTSOOTSmﬁ _3'BB 4 #BS
§50.5  BAB FAB

so that

0) o— 0
p lim 5IS§0?T500%T551?T[3 _

e @S
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3 Appendix C: Time Varying Cointegration
With Drift

3.1 Null Hypothesis

For convenience we list here the assumptions corresponding to the time-
invariant cointegration with drift case.

Assumption C.1. AY; = C (L) (U + p) = 3272, Cj (Up—j + p), with Uy ~
i.i.d. Ni(0,1y), and p a vector of imbedded drift parameters. Moreover, the
elements of the k x k matrices C; decrease exponentially to zero with j.

Given Assumption C.1, we can write AY; as
AY, =C)U+ C(W)p+ Vi = Vi (30)

where

) -ca)
1—-1L

is a zero-mean stationary Gaussian process. This is the well-known Beveridge-

Nelson decomposition. Hence

V, = D(L)U, with D(L) = (31)

t
Y, =C)Y Ui+ C(W)ut+V,i+ Y — Vo (32)

j=1

The next assumption is the same as Assumption 2 in the paper:

Assumption C.2. The matriz C (1) is singular, with rank 1 < r < k:
There exists a k x r matriz 5 such that 'C (1) = O, . Moreover, the r x k
matriz 3'D(1) has rank r.

Thus under Assumptions C.1-2, 5'Y; = 'V, + ' (Yo — W) .

Recall that Assumption 3 in the paper, stating that U; = 0 for ¢t < 1, has
been dropped, so that now ' (Yo — Vp) # 0.

The next Assumption C.3 replaces Assumption 4 in the paper.

Assumption C.3. AY; has the VECM (p) representation

p—1
AY, =y +afY 1+ Y T; A+ Gl (33)

=1
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Finally, Assumption 5 will be restated as Assumption C.4.
Assumption C.4. Var((Y;L 1B, X{),> 1s monsingular, where

Xy = (AYity e Y i)

3.2 Time Varying Error Correction Model
Let
p—1
AY; =0+ a8V + 3T AY, + Gl (34)

=1

where & = (&€}, ...,&,) is an r x (m + 1)k matrix of full rank, and now

YW = (Y, Pur ()Y, Por ()Y, s P () Y]
= Pr(t)®Y,

where P, (t) is a Chebishev polynomial of order j, i.e.,

Por(t) = 1, Pip(t)=+/2cos (in (t — 0.5) /T), (35)
t = 1,2,...,7, 1=1,2,3, ...
and
Pr(t)= (1, Pip (t), Por (t) .o, P () (36)
Under Assumptions C.1-3,
B
— 37
5 < Om.er > ( )

where (3 is the k x r matrix of TI cointegrating vectors, and Y;EO% =Y, 4, so
that then (34) reduces to (33).
Denote B
X, = (1, X)), T =(v,T1,... Tp1).

Then we can write (34) as

AY, = 'Y, "™ + T X, + CoU, (38)
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3.3 Properties of Y;(ﬁ)
Under the null hypothesis,

Y™ = Pp(t) ( ZU+C t—1)+v;1+yo—vo)

where Pr(t) is defined by (36).
Let 8, be as in Lemma A.6, i.e., 3,C(1) = (¢/,Qa,) * &/, C}. Then

(8. @ Lny1) Y = PT@)@((a;Q% 1 ’C’ZU)

Y Pr(t) ® ((O/LQOQ) V2 0/ Ol (t — 1))
+Pr(t) @ (B V1) + Pr(t) (B (Yo — Vo))
Next, let

-1
= (1 Coas (@, Q01) " @, Chn) (@ Qa) 2 a! Chu

which is a vector in R*~". Note that 77’71 = 1 by normalization. Let 77, be an
orthogonal complement of 7z, normalized such that @', 7z, = Iy_,_;. Then

(T ® Ln1) (B @ Lny1) V) (39)
t—1
=Pr(t) ® <ﬁl (! Qo) 20 )Y Uj)

=1

+ Pr(t) @ (70 Vier) + Pr(t) (HLBL (Yo — Vo))

and
(7 @ Lt) (B © L) V.7 (40)
=Prt)® (ﬁ' (o Qo) o, C ZU)

+Pr(t)® (t—1) + Pr(t) ® ('8, Vi-1)
+ Pr(t) (75 (Yo — Vo))
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Hence

(7, ® L) (81 ® L) fxqi”;] pa) @ Wy (@) (41)
where o
Wiy =T, (@ Qay) o GW (42)

is a k — r — 1 variate standard Wiener process, and
/
p(x) = <1, V2cos(tx), ..., ﬂcos(mwx))
On the other hand,
_ L (m _
(' © L) (B @ L) 5¥i5 = pla) ® (7 (01 Q02) " o/, Cia)
= plr)®x (43)
The results (41) and (43) prove Lemma 7 and the following lemma.

Lemma C.1. Let My = (T7Y?m, ). Under Assumptions C.1-C.2
mk—r—l(x) )

L m
(M @ Lni1) (B ® L) ﬁY[;,T)] = pz) ® ( "

hence

T
1 m m
(Mg @ Ln2) (BL® Ini2) 75 D YEVYY (BL @ Linr) (Mr © L)
t=1

< s (B e (224

This result yields the following corollary:

Lemma C.2. Let Yt 1 = Y;(Ir{) - %Zil YT(Tl) . Then under Assumptions
C.1-C4,

1 m)~(m
(M7 ® Ini1) (BL ® L) —2 TV (B ® L) (M © L)

g/;(p<m>®(’”l ))( <Wk_r_1(x)>>/dx,
A CCH Ca )) [ (e ()

= I\M'ﬂ



Next, observe that

(6 ® L)Y = Pr(t) @ (8Vh) ——ZPT ® (8'Vr)
_ P 0 (3% + o)

hence

() ® Ins1) (B, © Lnia) (T VT2 ZYt Y ) (B8 L)

N

—/ / l 1
f (:U’J_ (o Qary) i CO\/TZUJ>

Similarly,

T

- 1 m)37(m)

(7' @ i) (B @ i) (; > :m‘ﬁxf) (8 Insa)
t=1

and

=7 ; (Pr(t)Pr(t)) @ (B'ViV/B) + 0,(1)
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Hence,

_ % ; (Pr(t)Pr(t)) ® (3'E [ViV{] B) + 0,(1)

[y ® (PEW

Lemma C.3. Under Assumptions C.1-C./,

Vi15) + 0p(1)

T
(My © Ins1) (B © Insa) ( Z?"”YE”Z) (B Ins1) = 0p(1),

(8" ® Lnt1)

ZY Yiml (B Lyps1) = Imv1 @ (B E[VAV]] B) 4 0,(1)

3.4 The Matrices Sy, Sﬁn)T and Sé@p

Consider the following matrices:

Soo,T

Sty =

Sovr =

Sy =

T
%ZAYt AY,
t=1

-1
1~ 1
fZXtXt> (f
t=1
T —1
1<~ -, 1
t=1
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Lemma C.4. Let AY, =AY, — 23T AVrand X, = X, — 237 X,
Then

T
Sor = > AYiAY,

T
m L 5 m)s=(m)
Sil,%’ = Zytflytfl

T
m T o (m)
S[gl,%‘ = Z AY, Y,

Proof: This result follows trivially from the fact the OLS residuals of a
regression with intercept are the same as the OLS residuals of this regression
without intercept after demeaning all the variables.

m)—=/

3.5 Properties of the Matrix %Zle 7§_1Xt

Now let us focus on the properties of the matrix %Zthl 7&?72 If follows
from (39) that

_ 1 —(m)~=/
(MIJ_ @ [erl) (63_ ® [erl) T Z Yt—lXt

N~

= (7 ® Lns1) (8L ® L1) = 3 YV,

T t—1
1 —/ / - / !/ BV
- T Z Pr(t) ® (m (o Qay) 2 oy Gy Z Uj) X:ﬁ
t=1

=1
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T
1 —
+z ZPT(t) ® (7,0, Vie1) X,
t=1
1 « o —
+TZPT(t) (7 081 (Yo — Vo)) X,
t=1

The last two terms are O,(1). The first term is a matrix with typical blocks
| I t—1
_ 1/2
7, (o Qay) ™l C(/)T ZPlT (AYH -7 ;AYT]) <; UT)
1 I
=7, (/, Qay) Oéloéf Z Bir(t) <AYH~ — =D AYT—])
t=1 =1
t—j—1
X (Z UT)
T=1
A
P (0, 000) Ol Z Pt (AYH -y AYT_J)
T=1
1 I
(00 ) Pl G S Pa() <AYt - ZAY )
t=1
t—j—1
X (Z UT> + 0,(1)
T=1
Using Lemma A.2 it follows that
T t—j—1
?Z (AYH——ZAY )(Z UT)
t=1 =1
T t—j—1
= Pir( TZ AY; ; — E[AYy]) (Zm)
1 1 [=T] t—j—1
/
- eI p 3@, - plavi (3 or



and

Thus,
L ()5
(ﬁlj_ ® Imy1) (53_ ® Iny1) Z Y, 51X, =0,(1)

Next, observe from (40) that

TVT ~
Z ( (o Qo) ol C Z_:Uj) X,
; - "~
—fz v
T
—\/— Z (N B Vi X )
T
7 > Prle) (7B (% - 1) X.)

zi: ( )X +0, (IVT)
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where the O, (1/VT ) term is due similar to (51). Again, the latter matrix
has typical element

(=
(1rea() <fz>
(=

where the last conclusion follows from Lemma A.2.
Finally, observe that

(8 @ i) ZY = 7 > Pr(t)@ (ﬁ’VHYi) (53)

Thus, it follows from (51), (52) and (53) that

Lemma C.5. Under Assumptions C.1-/,
L )
(M7 ® Int1) (BL ® Ijnta) (? Zytht> = 0p(1)
t=1

40



T
, 1 () 'E Vo X!
CEVED By it B (A L ERAE

3.6 Properties of the Matrix SST)T

Note that we can rewrite (33) as
AY;=afY 1 +T.X; + CU,; (54)

where now ', = (T'y,...,[, 1), Uy = U; — U, where U = %Z; U;. Substi-
tuting (54) in (50) yields

m 7 w(m)
S(()l,i)r = a5 Zﬁ Yt—lyi—l (55)

hence

VT (o Qar) 2/ ST (B L) (56)

_ 1 — —m
— (o, Qa,)? @\ Co— N T (B® L)
t=1



— (!, Qay) ( }:(@}?) Sy Zx8: Ok(p-1).rm)
=1
+ 0p(1)
1 T
= = >0 (T (B9 Lnia) — (KiZ55Txs, Orn ) ) + 0p(1)
VT =
where
R 1<
Vxx =p lim Y XX, Sxp= p lim — > 1By Sax = Yy
t=1 t=1
and

9, = (o, Qay ) o G,

It follows therefore similar to Lemma A.7 that

Lemma C.6. Under Assumptions C.1-/,

(&, Q0) ™ oSS (B ® Lynss) (M ® Tr) / (@We) Wi

(57)
and
VT (0 00) P 0L ST (B © ) = 2 (58)
jointly, where Z is a (k —r) x r(m + 1) random matriz and
Wk—r = (O/J_QOéL)ilﬂ O/J_Oow
Wkﬂ",mclj) = p(x) ® ( xEle(x) ) (59)

- /Olp(y) ® ( ymf‘r‘l(y) ) dy,

with W,._._, defined by (42). In particular, the k — r columns of Z' are

independent
by Or r.m
Nr(m-‘rl) loa ( Ofi”‘ Zﬂ’ﬂ ®[m )1 (60)
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distributed, where

T
o1 S — . _
Ygp = pTh_{I;O T Zﬁlytflyt7167 Zﬂﬁ = Yigg — E/BXE)(lXZXB

t=1

Moreover,

2=z () (61)

1s independent of kar,m and Wi_,.

Proof: We only need to prove the last claim. Recall from (42) that
W, .1 = @ Wi, so that we only need to show that Z, and Wj_, are
independent. Note that

% iﬁt (?imi' (B® Iut) ( P ))
Ti ((y (B Lns1) = B [¥ (8® L)) ( L >)
B (Tzi: ) zj:( (B L) — B [Yt(—"i)l <5®Im+l>]> ( IOmm )

==Y 0 (W G )~ B[ G ] (7))

Consider the empirical processes

[T (=T

Wrp—r(z) = Zﬁt, 21 Zﬁtatl

where

Gir = (Y (89 Lnin) = B [V (B & Lni)] ) ( Qe ) ,
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and note that Wr_, = Wj_,. Then

1 [min(z,y)T]
FE [ZQT(x)WT,k:—r (y),] - T E [19th_1’[9;]
t=1
1 [min(z,y)T]
- 7 E [0, (B Gt 9]) 9)
t=1
— 0

because E[Gi_1|Y:] = E[Gi—1] = 0. This proves that Z and Wj_, are
independent.

3.7 Conclusion

It is easy to verify that Lemmas A.4 and A.5 carry over to the drift case.
Therefore, if we redefine £, 1 as

0 m.r
€L = ((m ® In1) (Mr @ L) < \/]if (52;;/2 ® Im) ))

and /kar,m as (59), then Lemmas 3-5 and Theorem 1 carry over.

4 Appendix D: Monte Carlo Results

4.1 Empirical Size

To check how close the asymptotic critical values based on the y? distribution
are to the ones based on the small sample null distribution, we have applied
our test to 10,000 replications of the bivariate cointegrated vector time series
process Y; = (Y14, Ya,), where Y1, = Yo, + Uy, Yo = Y1 + Uy with
U; = (U1, Ust) drawn independently from the bivariate standard normal
distribution, for various values of 7" and m. The results are given in Table
D.1. In each entry, q; _,, stands for the empirical 1—a quantile. Thus, they are
the empirical critical values. The values in parenthesis are the acceptance
frequencies based on the x? critical values. The case T = 324 is included
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because this the sample size of the empirical application in section 6.

Table D.1: Empirical Distribution of the LR TVC Statistic

m=1 m=2 m=3 m=4 m=5 m=10 m=15 m=25

Qooo | 5.320  9.195 12.787 16.320 19.854 38.759  60.610 119.797
(0.930) (0.943) (0.953) (0.961) (0.969) (0.992) (0.999) (0.999)

T =100 | gogs | 7.027 11.159 15.111 18.829 22.643 42.543 65.650 127.696
(0.970) (0.975) (0.980) (0.984) (0.987) (0.997) (0.999) (0.999)

Qogo | 10.426 15.271 19.973 24.160 28.643 49.833 76.269 143.749
(0.994) (0.995) (0.997) (0.997) (0.998) (0.999) (0.999) (0.999)

Qoo | 4.880 8313 11.607 14.693 17.792 33.273 49.068 85.794
(0.912) (0.919) (0.928) (0.934) (0.941) (0.968) (0.984) (0.998)

T =200 | gog5 | 6.406 10.065 13.595 16.896 20.395 37.000 53.424 91.731
(0.959) (0.960) (0.965) (0.968) (0.974) (0.988) (0.994) (0.999)

Qoog | 9.666 14.188 17.834 21.993 25.364 43.754 62.006 102.433
(0.992) (0.993) (0.993) (0.995) (0.995) (0.998) (0.999) (0.999)

Qoogo | 4.790 8149 11.181 14.059 17.050 31.247 45.621 76.331
(0.908) (0.913) (0.917) (0.919) (0.926) (0.947) (0.966) (0.990)

T =324 | qoo5 | 6.275 10.015 13.197 16.400 19.452 34.608 49.515  81.177
(0.956) (0.959) (0.959) (0.963) (0.965) (0.977) (0.986) (0.996)

Qogo | 9.530 14.173 18.042 21.193 24.749 40.850 56.899  91.638
(0.991) (0.993) (0.993) (0.993) (0.994) (0.996) (0.997) (0.999)

Qooo | 4.658  7.945 10.952 13.861 16.616 30.083 43.651  71.478
(0.902) (0.906) (0.910) (0.914) (0.916) (0.931) (0.948) (0.975)

T =500 | gogs | 6.088 9.709 13.119 16.138 19.075 33.377 47.753  76.213
(0.952) (0.954) (0.958) (0.959) (0.960) (0.969) (0.979) (0.990)

Qogo | 9.092 13.898 17.313 20.767 24.063 39.983 55.072 84.851
(0.989) (0.992) (0.991) (0.992) (0.992) (0.994) (0.996) (0.998)

4.2 Size and Power of the Park-Hahn Tests

Park and Hahn (1999) propose two types of test for TV cointegration, with
statistics given by

T ~9 T ~9 T t ~\2
~ t=1Ut — 2 .4=15t -~ Zt:l (Zi:l uz)
T = ) y T2 = T2A2 )

wTK, wT/c

where the u;’s are the residuals of the regression of Z;; on Zy;, the &’s
are the residuals of the regression of Z;; on Zy; and t, ¢2, .., ¢, and Q?pn =
% Zlkl <tp 9 (k/lr) ZtT:k 1 Uk, Uk is a long-run variance estimator, where
the u,,’s are the residuals of the regression of Z;; on ¢; (t/T) Zys for i =
1,..., K, with the ¢;’s Fourier and other functions. As to the latter, we
consider two cases, indicated by c:

c=1:p1(r) = cos(2nr), a(r) =sin(27r), p3(r) =1, pu(r) =7
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c=2:91(r) = cos(2nr), @o(r) =sin(27r), @3(r) = cos(4rr),
wi(r) = sin(dnr), os(r) =1, s(r) =1, ©:(r) =712

The statistic 7; also depends on the polynomial order s. We consider the
cases s = 1 and s = 4. Note that the test 75 is in essence the well-known
KPSS test. See Kwiatkowski et al. (1992). Finally, we use for g the Bartlett
kernel, the truncation lag is £7 = [T"/?], the number of replications is 10, 000,
and 7" = 100, 200. The results are presented in Table D.2.

Surprisingly, both Park-Hahn tests suffer from extreme size distortion, in
particular the KPSS test 7. Therefore, it is difficult to compare the actual
power of these tests with the power of our test. Also, the size and power of
test 71 is quite sensitive to the choice of the functions ¢;’s and the polynomial
order s.

Table D.2: Size and power of the Park-Hahn tests

aasy =0.05 ?1 ?2

T =100 s=4,c=2 s=1c=2 s=4c=1 c=2 c=
w=20 0.466 0.255 0.401 0.757 0.717
w = 0.01 0.481 0.277 0.419 0.766 0.728
w =0.05 0.558 0.365 0.502 0.812 0.781
w=20.1 0.669 0.453 0.623 0.864 0.840
w=20.2 0.811 0.596 0.783 0.926 0.912
w=0.5 0.957 0.786 0.950 0.990 0.988
w=1 0.993 0.877 0.991 0.999 0.999
T = 200

w=20 0.391 0.211 0.353 0.696 0.672
w = 0.01 0.427 0.252 0.389 0.719 0.699
w = 0.05 0.613 0.411 0.580 0.825 0.807
w=0.1 0.777 0.552 0.758 0.900 0.892
w=20.2 0.920 0.724 0.912 0.971 0.967
w=0.5 0.992 0.880 0.991 0.999 0.998
w=1 0.998 0.936 0.998 1.000 1.000
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5 Appendix E: Empirical Application

5.1 Test results

The asymptotic p-values® of our test are presented in Table E.1 for different
combinations of the order m of the Chebyshev polynomial and the lag order
p. Because the results did not vary much with p we only report the results
for p =1, p =6, p = 10 (Falk and Wang’s lag), and p = 18. Moreover, we
have computed the p-values for m ranging from 1 to 25, although we only
present relevant p-values.

Table E.1: Test results for the PPP hypothesis

m p=1 p=6 p=10 p=18

Can | >1 0.000 0.000 0.000 0.000
Fra | >1 0.000 0.000 0.000 0.000
Ger 1 0.158 0.461 0.033 0.010
> 2 0.000 0.000 0.000 0.000

Ita >1 0.000 0.000 0.000 0.000
1 0.662 0.383 0.001 0.019

2 0.102 0.457 0.001 0.004

Jap 3 0.029 0.013 0.000 0.000
4 0.037 0.014 0.000 0.000

>5 0.000 0.000 0.000 0.000

1 0.119 0.053 0.242 0.023

UK 2 0.194 0.039 0.011 0.001
o 3 0.004 0.000 0.000 0.000
>4 0.000 0.000 0.000 0.000

5.2 Plots of the TV Cointegrating Vectors

At the end of this Appendix we present the plots of the time-varying coef-
ficients Si;, (2 and [s; in the cointegrating PPP relation ﬁ;Yt = [t In Sf +
Bor In P* + (3¢ 1n Ptf , where P;* and Ptf are the price indices in the domestic
and foreign economies, respectively, and Stf is the nominal exchange rate in
home currency per unit of the foreign currency. The Chebyshev polynomial
order m was chosen according to the Hannan-Quinn criterion, and the VECM
order p was chosen p = 1.

3p (X%mrk) > LRtvc) .
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TV Cointegrating Vector USA-FRA
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TV Cointegrating Vector USA-GER

T s Y Y I A I
DM mann s b WM 2200000 = =2k W

OONDEOONOROONDROONO RO RDNOD DR

LUO110A13S 90

d& L = a1

L

oEZ adrz ooz )=

0Ze

L=l

QQIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIQIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII
e,
- _
B -~ i
I:‘-\‘ (
— ! _
B P i
M |‘ ]
i - -, L]
- F T
— L
. LEN
i ™ -
- -
{
| - _ . .
'
- j,ll -
—
— - |
-
B - i
-
e
— _
-
- -H-\ -

50

Figure 3:



LUO110A13S 90

d& L = a1

L

oEZ adrz ooz )=

0Ze

L=l

TV Cointegrating Vector USA-ITA

T T T I O A
EDEI ] ] AL B B s s IR R = = = SO OO = = k)

NPT LA 0 ] e = 00 LD G =] o = DO AT ] o P00 — a0

l\LI\I-IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIJIIIIIIIIIIIIIIII
e
- J
| ", ]
K}
| — 4
- g
—_
-
| - i
-
-~
| - 4
-
—
- — -
—_—
—
-
- e -
= _—_
-
- — -
-
—
| -~ .
| N
—_
| | — 1
oo -
B [ = -
—_ o+ —
TTw -~
—h T o
| — |\ 4
(NN NN NN NN NN RN NN NNN NN NN NN NENNNNNNENNNT]

ol

Figure 4:



LO1I0A13S 90

oZE = oz a0z a9 L Ozl = oF o

=l

TV Cointegrating Vector USA-JAP

—
P et T I ¥ s gy i L Y N W P Uy o Il o g g Y LN 0 T VI O O

LT ANNI] e et b A

LHDU'ICIU'IDU'I'DU'IDU'IOLﬂDLﬂDLﬂDLﬂOLﬂQmOLﬂDLﬂDLﬂDLﬂD
LU LR L L

——
—
.

EN
4
B

i

(441179
(ugli—4q
{51179

52

Figure 5:



LUO110A13S 90

d& L = a1

L

oEZ adrz ooz )=

0Ze

L=l

TV Cointegrating Vector USA-UK

T T T Y I O
Py—= == 2200000000 = = = = RPN I L e fe e (D

O k00D RO R B @00 ) P M0 O Lo @20 k) LoD QR B mon O

{

AN
(441179
(ugli—4q
{51179

53

Figure 6:



6 Additional References

Oksendal, B. (2003), Stochastic Differential Equations. Springer-Verlag.

Kronmal, R. and M. Tarter (1968), The Estimation of Densities and
Cumulatives by Fourier Series Methods. Journal of the American Statistical
Association 63, 925-952.

Kwiatkowski, D., P. Phillips, P. Schmidt, and Y. Shin (1992), Testing
the Null of Stationarity Against the Alternative of a Unit Root. Journal of
Econometrics 54, 159-178.

McLeish, D. L. (1974), Dependent Central Limit Theorems and Invari-
ance Principles. Annals of Probability 2, 620-628.

Young, N. (1988), An Introduction to Hilbert Space. Cambridge Univer-
sity Press.

o4




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


