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1 Appendix A: Preliminary Results

1.1 Proof of Lemma 1

Note that the function ϕ (x) is an element of the Hilbert space L2[0, 1]
of square integrable real functions on [0, 1], with inner product hf, gi =R 1
0
f(x)g(x)dx and associated norm ||f || =phf, fi and metric ||f − g||.
We first show that the sequence

κj(x) =

½
1 for j = 0,√
2 cos (jπx) for j = 1, 2, 3, ....

(1)

is a complete orthonormal sequence in L2[0, 1]. This result is well-known in
the statistics literature (see for example Kronmal and Tarter 1968), but to
the best of our knowledge has not been used in the econometrics literature.
Therefore, we will prove it here, as follows.
Recall1 that the functions

1,
√
2 cos (iπx) ,

√
2 sin (jπx) , i, j = 1, 2, 3, ...., x ∈ [−1, 1],

form a complete orthonormal sequence in L2 [−1, 1] with respect to the uni-
form density on [−1, 1], hence every real function ψ ∈ L2 [−1, 1] satisfies

lim
m→∞
n→∞

1

2

Z 1

−1
(ψ (x)− ψm,n (x))

2 dx (2)

1See for example Young (1988)
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where

ψm,n (x) = ω0 +
mX
i=1

ωi
√
2 cos (iπx) +

nX
j=1

$j
√
2 sin (jπx) (3)

with Fourier coefficients ω0 =
1
2

R 1
−1 ψ (x) dx, ωk =

1
2

R 1
−1
√
2 cos (kπx)ψ (x) dx

and $k = 1
2

R 1
−1
√
2 sin (kπx)ψ (x) dx. Now let ϕ (u) ∈ L2 [0, 1] be arbitrary,

and let ψ (x) = ϕ (|x|) . Then ψ (x) ∈ L2 (−1, 1), with Fourier coefficients

ω0 =
1

2

Z 1

−1
ϕ (|x|) dx =

Z 1

0

ϕ (u) du

ωk =
1

2

Z 1

−1

√
2 cos (kπx)ϕ (|x|) dx =

Z 1

0

√
2 cos (kπu)ϕ (u) du

$k =
1

2

Z 1

−1

√
2 sin (kπx)ϕ (|x|) dx = 0

Hence it follows from (2) and (3) that

lim
n→∞

Z 1

0

Ã
ϕ (u)− ω0 −

nX
k=1

ωk
√
2 cos (kπu)

!2
du (4)

=
1

2
lim
n→∞

Z 1

−1

Ã
ϕ (|x|)− ω0 −

nX
k=1

ωk
√
2 cos (kπx)

!2
dx

= 0

This proves the completeness of (1).
Next, let tx = [xT ] + 1 for an x ∈ [0, 1), where [xT ] is the largest integer

≤ xT. Then

gm(tx) = gm ([xT ] + 1) = ξ0,T +
√
2

mX
i=1

ξi,T cos

∙
iπ

µ
[xT ] + 1

T
− 1

2T

¶¸
where

ξ0,T =
1

T

TX
t=1

ϕ(t/T ) =

Z 1

0

ϕ

µ
[yT ] + 1

T

¶
dy

ξi,T =
1

T

TX
t=1

ϕ(t/T )
√
2 cos [iπ (t− 0.5) /T ]

=

Z 1

0

ϕ

µ
[yT ] + 1

T

¶√
2 cos

∙
iπ

µ
[yT ] + 1

T
− 1

2T

¶¸
dy

2



Hence by bounded convergence,

ϕm(x) = lim
T→∞

gm ([xT ] + 1) = ξ0 +
mX
i=1

ξi
√
2 cos (iπx) , where

ξ0 = lim
T→∞

ξ0,T =

Z 1

0

ϕ (y) dy,

ξi = lim
T→∞

ξi,T =

Z 1

0

ϕ(y)
√
2 cos(iπy)dy, i ≥ 1.

It is now easy to verify that

lim
T→∞

1

T

TX
t=1

(g (t)− gm,T (t))2 =
Z 1

0

(ϕ (x)− ϕm(x))
2 dx (5)

Note thatZ 1

0

(ϕm(x)− ϕ (x))2 dx =

Z 1

0

ϕ (x)2 dx−
mX
i=1

ξ2i > 0,

hence
P∞

i=1 ξ
2
i ≤

R 1
0
ϕ (x)2 dx <∞. However, due to the completeness of (1),

we also have
P∞

i=1 ξ
2
i =

R 1
0
ϕ (x)2 dx. See for example Young (1988, Theorem

4.15, p.37). Thus,

lim
m→∞

Z 1

0

(ϕ(x)− ϕm(x))
2 dx = 0. (6)

Combining (5) and (6), the first part of Lemma 1 follows.
To prove the second part of Lemma 1, suppose that ϕ(x) is q times

differentiable, where q ≥ 2 is even, and that ϕ(q)(x) = dqϕ(x)/ (dx)q is
square-integrable. Then ϕ(q)(x) ∈ L2 [0, 1]:

lim
m→∞

Z 1

0

Ã
ϕ(q)(x)−

mX
i=1

(−1)q/2πqiqξi
√
2 cos (iπx)

!2
dx,

where
R 1
0

¡
ϕ(q)(x)

¢2
dx = π2q

P∞
i=1 i

2qξ2i <∞. Now for m ≥ 1,Z 1

0

(ϕm(x)− ϕ (x))2 dx =
∞X

i=m+1

ξ2i ≤
∞X

i=m+1

ξ2i

µ
i

m+ 1

¶2q
≤ 1

π2q (m+ 1)2q
π2q

∞X
i=1

ξ2i i
2q =

R 1
0

¡
ϕ(q)(x)

¢2
dx

π2q (m+ 1)2q
.
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1.2 The Stochastic Integral
R 1
0 cos (`πx)W (x)dW

0
(x)

The matrix
R 1
0
cos (`πx)W (x)dW

0
(x), ` = 1, 2, ..., is a k×k matrix of random

variables whose (i, j)-th element is the scalar integral
R 1
0
cos (`πx)Wi(x)dWj(x).

We first claim that for an arbitrary entry (i, j),

C(x,ω) = cos (`πx)W (x,ω) ∈ Vk×1(0, s) for s = 1,
where Vk×1(0, s) is the class of integrand functions V for which the Ito inte-
gral

R s
0
V dW 0 is defined: (x,ω) → C(x,ω) is B ×F measurable, C(x,ω) is

Fx adapted, and

E

∙Z s

0

C(x)2dx

¸
=

1

4
s2 +

sin (2`πs)

4`π
s+

[cos (2`πs)− 1]
2 (2`π)2

<∞µ
=
1

4
, if s = 1, ` ≥ 1

¶
.

Therefore, because C ∈ V(0, S), the Ito stochastic integral of C from 0 to s
is defined as

I[C](ω) =

Z s

0

C(x,ω)dW (x,ω) = lim
n→∞

Z s

0

φn(x,ω)dW (x,ω),

with limit in L2(P ), where {φn} is a sequence of simple functions such that

lim
n→∞

E

∙Z s

0

(C(x)− φn(x))
2 dx

¸
= 0.

This condition is satisfied by taking

φn(x,ω) =
nX
j=0

cos (`πsj)W (sj,ω).1 (sj ≤ x < sj+1) (7)

and 0 = s0 ≤ s1 ≤ ... ≤ sn−1 ≤ sn = s. For the chosen {φn} in (7),

I[C](ω) = lim
sj+1−sj→0

nX
j=0

cos (`πsj)W (sj,ω) (W (sj+1,ω)−W (sj,ω)) .

Moreover, by the one-dimensional Ito formula (see Oksendal 2003, page 44)2

we have

I[C](ω) =
cos (`πs)

2
W 2 (s)− sin (`πs)

2`π
+
`π

2

Z s

0

sin (`πx)W 2(x)dx

2In Oksendal’s (2003) notation, Xt ≡ Bt; g(t, x) = cos(`πt)x2/2; Yt = cos(`πt)B2t /2.
The result follows after some manipulations.
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where
R s
0
sin (`πx)W 2(x)dx is a random variable with expectation

E

µZ s

0

sin (`πx)W 2(x)dx

¶
=
sin (`πs)

(`π)2
− cos (`πs)

`π
s.

Therefore,

E

µZ 1

0

cos (`πx)W (x,ω)dW (x,ω)

¶
= 0.

The quadratic variation process of

C(t) =

Z t

0

cos (`πx)W (x) dW 0 (x) ,

a k× k matrix-valued martingale in continuous time with respect to F (k)t , is
now

hCi (t) =

Z t

0

Var
h
cos (`πx)W (x) d

0
W (x)

¯̄̄
Fx
i

=

Z t

0

cos2 (`πx)W (x)W (x)
0
dx⊗ Ik.

2 Appendix B: Time Varying Cointegration
Without Drift

2.1 Proof of Lemma 2

Recall that by the Beveridge-Nelson decomposition we can write

Yt = Y0 − V0 + C(1)
tX
j=1

Uj + Vt

Assumption 3 implies that Y0 − V0 = 0, but there is no need to impose this
restriction here. Now

1

T

TX
t=1

Pj,T (t)UtY
0
t−1 =

√
2
1

T

TX
t=1

cos (j.π (t− 0.5) /T )U 0tYt−1 (8)

=
√
2
1

T

TX
t=1

cos (j.π (t− 0.5) /T )Ut
t−1X
j=1

U 0jC(1)
0
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+
√
2
1

T

TX
t=1

cos (j.π (t− 0.5) /T )UtV 0t−1

+
√
2
1

T

TX
t=1

cos (j.π (t− 0.5) /T )Ut (Y0 − V0)0

It is easy to verify that the last two terms are of order Op
³
1/
√
T
´
.Moreover,

it follows from Lemma A.2 that

1

T

TX
t=1

cos (j.π (t/T − 0.5/T ))Ut
t−1X
j=1

U 0j

= cos (j.π (1− 0.5/T )) 1
T

TX
t=1

Ut

t−1X
j=1

U 0j

+ j.π

Z 1

0

sin (j.π (x− 0.5/T ))
⎛⎝ 1
T

[xT ]X
t=1

Ut

t−1X
j=1

U 0j

⎞⎠ dx
which by Lemma A.1 and the continuous mapping theorem converges in
distribution to

cos [j.π]

Z 1

0

(dW )W 0 + j.π
Z 1

0

sin (j.πx)

µZ x

0

(dW )W 0
¶
dx

= cos [j.π]

Z 1

0

(dW )W 0 −
Z 1

0

d cos (j.πx)

dx

µZ x

0

(dW )W 0
¶
dx

=

Z 1

0

(dW (x)) cos (j.πx)W (x)0

The latter follows via integration by parts. The first result in Lemma 2 now
follows easily from these results.
To prove the second result, observe that

1

T

TX
t=1

cos (j.π (t− 0.5) /T ) (4Yt−`)Y 0t−1

=
1

T

TX
t=1

cos (j.π (t− 0.5) /T ) (4Yt−`) (Yt−1 − Yt−1−`)0

+
1

T

TX
t=1

cos (j.π (t− 0.5) /T ) (4Yt−`)Y 0t−1−`

6



Again, it follows from Lemmas A.1-A.2 that

1

T

TX
t=1

cos (j.π (t− 0.5) /T ) (4Yt−`)Yt−`−1

= cos (j.π (1− 0.5/T )) 1
T

TX
t=1

(4Yt−`)Yt−`−1

+ j.π

Z 1

0

sin (j.π (x− 0.5/T ))
⎛⎝ 1
T

[xT ]X
t=1

(4Yt−`)Yt−1
⎞⎠ dx

d→ cos (j.π)

µ
C(1)

µZ 1

0

(dW )W 0
¶
C(1)0 +M0

¶
+ j.π

Z 1

0

sin (j.πx)

µ
C(1)

µZ x

0

(dW )W 0
¶
C(1)0 + xM0

¶
dx

= C(1)

µZ 1

0

(dW ) cos (j.π.x)W 0
¶
C(1)0 +

Z 1

0

cos (j.π.x) dxM0

= C(1)

µZ 1

0

(dW ) cos (j.π.x)W 0
¶
C(1)0

Moreover, by stationarity,

1

T

TX
t=1

cos (j.π (t− 0.5) /T ) (4Yt−`) (Yt−1 − Yt−1−`)0

converges in probability to a matrix Mj,`. The second result of Lemma 2
follows now easily.
Finally, it follows from Lemma A.2 that

1

T 2

TX
t=1

Pi,T (t)Pj,T (t)Yt−1Y 0t−1

= 2
1

T 2

TX
t=1

cos (i.π (t− 0.5) /T ) cos (j.π (t− 0.5) /T )Yt−1Y 0t−1

= 2cos (i.π (1− 0.5/T )) cos (j.π (1− 0.5/T )) 1
T 2

TX
t=1

Yt−1Y 0t−1

− 2
Z 1

0

d

dx
(cos (i.π (x− 0.5/T )) cos (j.π (x− 0.5/T )))
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×
⎛⎝ 1

T 2

[xT ]X
t=1

Yt−1Y 0t−1

⎞⎠ dx (9)

As is well known, under Assumption 1,

1

T 2

[xT ]X
t=1

Yt−1Y 0t−1 ⇒ C(1)

Z x

0

W (y)W (y)0dyC(1)0

hence by the continuous mapping theorem,

1

T 2

TX
t=1

Pi,T (t)Yt−1Pj,T (t)Y 0t−1

d→ 2 cos (i.π) cos (j.π)C(1)

Z 1

0

W (x)W (x)0dxC(1)0

− 2C(1)
Z 1

0

d

dx
(cos (i.πx) cos (j.πx))

Z x

0

W (y)W (y)0dyC(1)0

= 2C(1)

Z 1

0

cos (i.πx)W (x) cos (j.πx)W (x)0dxC(1)0

where again the equality follows via integration by parts. This completes the
proof of Lemma 2.

2.2 Proof of Lemma A.3

The existence of the probability limits Σββ, ΣXβ and ΣXX follows straightfor-
wardly fromAssumptions 1-2, and the nonsingularity ofΣXX follows straight-
forwardly from Assumption 5. Note that Σ∗ββ is the variance matrix of the
residual ςt of the linear projection of β

0
Yt−1 on Xt: β

0
Yt−1 = Π0Xt + ςt, say.

Therefore, if this variance matrix were singular then there exists a vector δ
such that δ0β

0
Yt−1 = δ0Π0Xt a.s. Assumption 5 excludes this.

As to the probability limit Σβ⊗Im+1,β⊗Im+1 , observe that similar to (9),

1

T

TX
t=1

Pi,T (t)Pj,T (t)β
0Yt−1Y 0t−1β

= 2
1

T

TX
t=1

cos (i.π (t− 0.5) /T ) cos (j.π (t− 0.5) /T )β0Yt−1Y 0t−1β
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= 2 cos (i.π (1− 0.5/T )) cos (j.π (1− 0.5/T )) 1
T

TX
t=1

β0Yt−1Y 0t−1β

− 2
Z 1

0

d

dx
(cos (i.π (x− 0.5/T )) cos (j.π (x− 0.5/T )))

×
⎛⎝ 1
T

[xT ]X
t=1

β0Yt−1Y 0t−1β

⎞⎠ dx
for i, j ≥ 1. We have already established that

1

T

TX
t=1

β0Yt−1Y 0t−1β = Σββ + op(1).

Moreover, it is not hard to verify that

p lim
T→∞

1

T

[xT ]X
t=1

β0Yt−1Y 0t−1β = x.Σββ

pointwise in x ∈ [0, 1]. It follows therefore by bounded convergence and
integration by parts that

p lim
T→∞

1

T

TX
t=1

Pi,T (t)Pj,T (t)β
0Yt−1Y 0t−1β

= 2

µ
cos (i.π) cos (j.π)−

Z 1

0

x
d

dx
(cos (i.πx) cos (j.πx)) dx

¶
Σββ

= 2

Z 1

0

(cos (i.πx) cos (j.πx)) dx.Σββ

=

µZ 1

0

cos ((i+ j)πx) dx+

Z 1

0

cos ((i− j)πx) dx
¶
Σββ

=

µ
sin ((i+ j)π)

(i+ j) π
+
sin ((i− j)π)
(i− j)π

¶
Σββ

=

½
Σββ if i = j,
Or,r if i 6= j.

Similarly, for i = 0 and j ≥ 1,

p lim
T→∞

1

T

TX
t=1

Pj,T (t)P0,T (t)β
0Yt−1Y 0t−1β (10)
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=
√
2

µ
cos (j.π)−

Z 1

0

x
d

dx
(cos (j.πx)) dx

¶
Σββ

=
√
2

Z 1

0

cos (j.πx) dx.Σββ =
√
2
sin (jπ)

jπ
Σββ = Or,r.m

Hence, Σβ⊗Im+1,β⊗Im+1 = Σββ ⊗ Im+1. Moreover, note that Σβ,β⊗Im+1 is the
matrix formed by the first r rows of Σβ⊗Im+1,β⊗Im+1 . Thus, Σβ,β⊗Im+1 =
(Σββ, Or,r.m) . The result for ΣX,β⊗Im+1 follows by replacing P0,T (t)β

0Yt−1 in
(10) by Xt.
Finally, since Σ∗ββ is nonsingular, so is Σββ, and therefore Σ∗β⊗Im+1,β⊗Im+1

is nonsingular.

2.3 Proof of Lemma A.7

Substituting 4Yt = αβ0Yt−1 + ΓXt + C0Ut in the expression for S
(m)
01,T yields

S
(m)
01,T = α

1

T

TX
t=1

β
0
Yt−1Y

(m)0
t−1 (11)

−α
Ã
1

T

TX
t=1

β
0
Yt−1X

0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1Ã
1

T

TX
t=1

XtY
(m)0
t−1

!

+C0
1

T

TX
t=1

UtY
(m)0
t−1

−C0
Ã
1

T

TX
t=1

UtX
0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1Ã
1

T

TX
t=1

XtY
(m)0
t−1

!

hence

(α0⊥Ωα⊥)
−1/2

α0⊥S
(m)
01,T = (α

0
⊥Ωα⊥)

−1/2
α0⊥C0

1

T

TX
t=1

UtY
(m)0
t−1 (12)

− (α0⊥Ωα⊥)−1/2 α0⊥C0
Ã
1

T

TX
t=1

UtX
0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1

×
Ã
1

T

TX
t=1

XtY
(m)0
t−1

!
.
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It follows now straightforwardly from (12) and Lemma A.1 that

(α0⊥Ωα⊥)
−1/2

α0⊥S
(m)
01,T = α0⊥C0

1

T

TX
t=1

UtY
(m)0
t−1 + op(1)

d→ (α0⊥Ωα⊥)
−1/2

α0⊥C0

Z 1

0

(dW )fW 0
m (C(1)⊗ Im+1) ,

hence

(α0⊥Ωα⊥)
−1/2

α0⊥S
(m)
01,T (β

0
⊥ ⊗ Im+1)

d→ (α0⊥Ωα⊥)
−1/2

α0⊥C0

Z 1

0

(dW )fW 0
m

³³
C 00α⊥ (α

0
⊥Ωα⊥)

−1/2
´
⊗ Im+1

´
=

Z 1

0

(dWk−r)fW 0
k−r,m

Next, it follows from (12),

1√
T

TX
t=1

UtY
(m)0
t−1 (β ⊗ Im+1) = Op(1),

1√
T

TX
t=1

UtX
0
t = Op(1)

and Lemma A.3 that
√
T (α0⊥Ωα⊥)

−1/2
α0⊥S

(m)
01,T (β ⊗ Im+1) (13)

= (α0⊥Ωα⊥)
−1/2

α0⊥C0
1√
T

TX
t=1

UtY
(m)0
t−1 (β ⊗ Im+1)

− (α0⊥Ωα⊥)−1/2 α0⊥C0
Ã
1√
T

TX
t=1

UtX
0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1

×
Ã
1

T

TX
t=1

XtY
(m)0
t−1 (β ⊗ Im+1)

!

= (α0⊥Ωα⊥)
−1/2

α0⊥C0
1√
T

TX
t=1

UtY
(m)0
t−1 (β ⊗ Im+1)
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− (α0⊥Ωα⊥)−1/2 α0⊥C0
Ã
1√
T

TX
t=1

UtX
0
t

!¡
Σ−1XXΣXβ, Ok(p−1),r.m

¢
+ op(1)

=
1√
T

TX
t=1

ϑt
³
Y
(m)0
t−1 (β ⊗ Im+1)−

³
X

0
tΣ
−1
XXΣXβ, 0

0
r.m

´´
+ op(1)

where ϑt = (α0⊥Ωα⊥)
−1/2 α0⊥C0Ut ∼ i.i.d. Nk−r [0, Ik−r] . The result

√
T (α0⊥Ωα⊥)

−1/2
α0⊥S

(m)
01,T (β ⊗ Im+1) d→ Z

follows now from McLeish’s (1974) martingale difference central limit theo-
rem.
Let ϑi,t be component i of ϑt. Then

1√
T

TX
t=1

ϑit

µ
(β0 ⊗ Im+1)Y (m)t−1 −

µ
Σ0XβΣ

−1
XXXt

Or.m,1

¶¶
converges in distribution to column i of Z 0. The normality of Z then fol-
lows from McLeish’s (1974) central limit theorem and Lemma A.3, and the
independence of the columns of Z 0 follows from the independence of the
components of ϑt.
Finally, it follows from (55) and Lemmas A.4-A.3 that

¡
α0Ω−1α

¢−1
α0Ω−1S(m)01,T =

1

T

TX
t=1

β
0
Yt−1Y

(m)0
t−1 (14)

−
Ã
1

T

TX
t=1

β
0
Yt−1X

0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1Ã
1

T

TX
t=1

XtY
(m)0
t−1

!

+
¡
α0Ω−1α

¢−1
α0Ω−1C0

1

T

TX
t=1

UtY
(m)0
t−1

− ¡α0Ω−1α¢−1 α0Ω−1C0Ã 1
T

TX
t=1

UtX
0
t

!Ã
1

T

TX
t=1

XtX
0
t

!−1

×
Ã
1

T

TX
t=1

XtY
(m)0
t−1

!

12



=
1

T

TX
t=1

β
0
Yt−1Y

(m)0
t−1 − Σ0XβΣ

−1
XX

Ã
1

T

TX
t=1

XtY
(m)0
t−1

!

+
¡
α0Ω−1α

¢−1
α0Ω−1C0

1

T

TX
t=1

UtY
(m)0
t−1 + op(1)

Now ¡
α0Ω−1α

¢−1
α0Ω−1S(m)01,T (β

0
⊥ ⊗ Im+1) d→M

follows straightforwardly from (14) and Lemma A.4, and¡
α0Ω−1α

¢−1
α0Ω−1S(m)01,T (β ⊗ Im+1) = (Σββ, Or,r.m) + op(1)

follows straightforwardly from (14) and Lemma A.3.

2.4 Proof of Lemma A.9

It follows from Lemmas A.1 and A.3 that

S
(m)
11,T =

1

T

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1 −

Ã
1

T

TX
t=1

Y
(m)
t−1 X

0
t

!
Σ−1XX

Ã
1

T

TX
t=1

XtY
(m)0
t−1

!
+op(1)

=
1

T

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1 +Op(1)

Moreover, it follows from Lemma A.1 and Lemma 2 that

1

T
(β0⊥ ⊗ Im+1)S(m)11,T (β

0
⊥ ⊗ Im+1)

d→
³³
C 00α⊥ (α

0
⊥Ωα⊥)

−1/2
´
⊗ Im+1

´0 Z 1

0

fWm(x)fW 0
m(x)dx

×
³³
C 00α⊥ (α

0
⊥Ωα⊥)

−1/2
´
⊗ Im+1

´
=

Z 1

0

fWk−r,m(x)fW 0
k−r,m(x)dx

Furthermore, it is not hard to verify from Lemma 2 that

S
(m)
11,T (β ⊗ Im+1) = Op(1)

13



hence
p lim
T→∞

1√
T
(β0⊥ ⊗ Im+1)S(m)11,T (β ⊗ Im+1) = Ok−r,r

Finally, it follows from Lemma A.3 that

p lim
T→∞

(β0 ⊗ Im+1)S(m)11,T (β ⊗ Im+1) (15)

= p lim
T→∞

1

T

TX
t=1

(β0 ⊗ Im+1)Y (m)t−1 Y
(m)0
t−1 (β ⊗ Im+1)

−
Ã
p lim
T→∞

1

T

TX
t=1

(β0 ⊗ Im+1)Y (m)t−1 X
0
t

!
Σ−1XX

×
Ã
p lim
T→∞

1

T

TX
t=1

XtY
(m)0
t−1 (β ⊗ Im+1)

!
= Σβ⊗Im+1,β⊗Im+1 − Σβ⊗Im+1XΣ

−1
XXΣX,β⊗Im+1

=

µ
Σ∗ββ Or,r.m
Or.m,r Σββ ⊗ Im

¶
2.5 Proof of Lemma A.11

It follows from Lemma A.7 that

bVi =
1√
T

TX
t=1

ϑi,t
³
Σ
−1/2
ββ ⊗ Im

´
(Or.m,r, Ir.m) (β

0 ⊗ Im+1)Y (m)t−1

d→ Vi ∼ Nr.m [0, Ir.m] ,

where Vi is column i of V , and ϑi,t is component i of ϑt = (α0⊥Ωα⊥)
−1/2 α0⊥C0Ut.

Moreover, note that

cWi,k−r(x) =
1√
T

[xT ]X
t=1

ϑit ⇒Wi,k−r(x)

where Wi,k−r is component i of Wk−r. To prove that Vi and Wj,k−r(x) are
independent, consider the empirical process

eVi(x) = 1√
T

[xT ]X
t=1

ϑi,t
³
Σ
−1/2
ββ ⊗ Im

´
(Or.m,r, Ir.m) (β

0 ⊗ Im+1)Y (m)t−1

14



Clearly, eVi ⇒ V i, where V i(.) is a r.m variate standard Wiener process, and
Vi = V i(1). It suffices to show that for all x, y ∈ [0, 1] and i, j = 1, ...., k − r,
E
heVi(x)cWj,k−r(y)

i
→ 0. This is trivial for i 6= j. For i = j,

E
heVi(x)cWi,k−r(y)

i
=
³
Σ
−1/2
ββ ⊗ Im

´
× 1

T

min([xT ],[yT ])X
t=1

E
h
(Or.m,r, Ir.m) (β

0 ⊗ Im+1)Y (m)t−1
i

=
³
Σ
−1/2
ββ ⊗ Im

´
× 1

T

min([xT ],[yT ])X
t=1

¡
P1,T (t)E

£
Y 0t−1β

¤
, ..., Pm,T (t)E

£
Y 0t−1β

¤¢0
= 0

because by Assumptions 1-3, E
£
Y 0t−1β

¤
= 0. This proves the independence

of V and Wk−r. The proof of the independence of V and fWk−r,m is similar.

2.6 Proof of Theorem 2

2.6.1 Data Generating Process

Recall that the data-generating process involved is

Zt = (Z1,t, Z2,t)
0

where Z1,t ∈ R and Z2,t ∈ R are assumed to be generated by
∆Z1,t = b1Z1,t−1 + b2 (t/T )Z2,t−1 + U1,t (16)

∆Z2,t = U2,t

Ut = (U1,t, U2,t)
0 ∼ i.i.d. N2 [0, I2] ,

Moreover, for some m > 0,

b−11 b2 (t/T ) =
mX
j=0

ρjPj,T (t) , ρ
0 = (ρ0, ρ1, ...., ρm)

where the Pj,T (t)’s are Chebyshev’s time polynomials. Then

(b1, b2 (t/T )) = b1

mX
j=0

ς 0jPj,T (t) ,

15



where ς 00 = (1, ρ0) , and ς 0j = (0, ρj) for j ≥ 1. Hence,

∆Z1,t = b1

Ã
Z1,t−1 +

mX
j=0

ρjPj,T (t)Z2,t−1

!
+ U1,t

= b1

mX
j=0

ς 0jPj,T (t)Zt−1 + U1,t = b1ς
0Z(m)t−1 + U1,t

∆Z2,t = U2,t

where
ς 0 = (1, ρ0, 0, ρ1, 0, ρ2, . . . , 0, ρm) (17)

and

Z
(m)
t−1 =

Ã
Z
(m)
1,t−1
Z
(m)
2,t−1

!
= Zt−1 ⊗ bpm (t/T ) (18)

with

Z
(m)
i,t−1 =

¡
Z 0i,t−1, P1,T (t)Z

0
i,t−1, P2,T (t)Z

0
i,t−1, ..., Pm,T (t)Zi,t−1

¢0
, i = 1, 2,

and bpm (t/T ) = (1, P1,T (t) , ..., Pm,T (t))0
We can now write the model in VECM(1) form as

∆Zt = δς 0Z(m)t−1 + Ut (19)

where

δ =

µ
b1
0

¶
(20)

In the sequel we will refer to this model, together with the applicable
parts of Assumptions 1-2, as H(m)

1 (p = 1).

Under H(m)
1 (p = 1) the matrices S00,T , S

(m)
11,T and S

(m)
01,T become

S00,T =
1

T

TX
t=1

4Zt4 Z 0
t (21)

S
(m)
11,T =

1

T

TX
t=1

Z
(m)
t−1Z

(m)0
t−1 (22)

S
(m)
01,T =

1

T

TX
t=1

4ZtZ(m)
0

t−1 (23)

respectively

16



2.6.2 The matrix S(0)11,T

Under H(m)
1 (p = 1) the results of Lemma 6 in the paper read:

Lemma B.1. Under H(m)
1 (p = 1),

∆Z1,t =
t−1X
j=0

(1 + b1)
j (b2 ((t− j)/T )− b2 (0))U2,t−1−j + Vt

and

b1Z1,t−1 + b2 (t/T )Z2,t−1

=
t−1X
j=0

(1 + b1)
j (b2 ((t− j)/T )− b2 (0))U2,t−1−j + Vt − U1,t

where

Vt = b2 (0)
∞X
j=0

(1 + b1)
j U2,t−1−j + b1

∞X
j=0

(1 + b1)
j U1,t−1−j + U1,t

Moreover, it follows from Lemma B.1 that

b1ς
0Z(m)t−1 = b1

Ã
Z1,t−1 +

mX
j=0

ρjPj,T (t)Z2,t−1

!
(24)

= b1Z1,t−1 + b2 (t/T )Z2,t−1

=
t−1X
j=0

(1 + b1)
j (b2 ((t− j)/T )− b2 (0))U2,t−1−j +Rt

where

Rt = b2 (0)
∞X
j=0

(1 + b1)
j U2,t−1−j + b1

∞X
j=0

(1 + b1)
j U1,t−1−j (25)

Furthermore, we have

Lemma B.2. Under H(m)
1 (p = 1),

Z[xT ]/
√
T ⇒

µ −b−11 b2 (x)
1

¶
W2(x)

17



where W2(x) is a standard Wiener process, hence

1

T
S
(0)
11,T =

1

T 2

TX
t=1

Zt−1Z 0t−1

d→
Ã
b−21

R 1
0
b2 (x)

2W2(x)
2dx −b−11

R 1
0
b2 (x)W2(x)

2dx

−b−11
R 1
0
b2 (x)W2(x)

2dx
R 1
0
W2(x)

2dx

!
Proof : Note that the model for Z1,t reads

Z1,t = (1 + b1)Z1,t−1 + b2 (t/T )Z2,t−1 + U1,t

=
t−1X
j=0

(1 + b1)
j b2 ((t− j)/T )Z2,t−1−j + b2 (0)

∞X
j=t

(1 + b1)
j Z2,t−1−j

+
∞X
j=0

(1 + b1)
j U1,t−j

=
t−1X
j=0

(1 + b1)
j b2 ((t− j)/T ) (Z2,t−1−j − Z2,0)

+
∞X
j=0

(1 + b1)
j U1,t−j

+Z2,0

t−1X
j=0

(1 + b1)
j b2 ((t− j)/T ) + Z2,0b2 (0)

∞X
j=t

(1 + b1)
j

+b2 (0)
∞X
j=t

(1 + b1)
j (Z2,t−1−j − Z2,0) (26)

=
t−2X
j=0

(1 + b1)
j b2 ((t− j)/T ) (Z2,t−1−j − Z2,0) +Op (1)

where the Op (1) is uniform in t = 1, ..., T . Hence

Z1,t/
√
T =

t−2X
j=0

(1 + b1)
j b2 ((t− j)/T )W2,T ((t− 1− j)/T ) +Op

³
1/
√
T
´

where for x ∈ [0, 1],

W2,T (x) =
1√
T

[xT ]X
t=1

U2,t ⇒W2 (x) .

18



Moreover, by the mean value theorem,¯̄̄̄
¯
t−2X
j=0

(1 + b1)
j b2 ((t− j)/T )W2,T ((t− 1− j)/T )

−b2 (t/T )
t−2X
j=0

(1 + b1)
jW2,T ((t− 1− j)/T )

¯̄̄̄
¯

≤ 1

T

t−2X
j=0

|1 + b1|jj |W2,T ((t− 1− j)/T )| sup
0≤x≤1

|b02 (x) |

≤ 1

T

∞X
j=0

|1 + b1|jj sup
0≤x≤1

|W2,T (x)| sup
0≤x≤1

|b02 (x) |

= Op (1/T )

where that last result follows from the fact that |1+b1| < 1, sup0≤x≤1 |W2,T (x)|
d→ sup0≤x≤1 |W2 (x)| and sup0≤x≤1 |b02 (x) | <∞. Thus,

Z1,t/
√
T = b2 (t/T )

t−2X
j=0

(1 + b1)
jW2,T ((t− 1− j)/T ) +Op

³
1/
√
T
´

= b2 (t/T )W2,T ((t− 1)/T )
t−2X
j=0

(1 + b1)
j

−b2 (t/T )
t−2X
j=1

(1 + b1)
j (W2,T ((t− 1)/T )−W2,T ((t− 1− j)/T ))

+Op
³
1/
√
T
´

Next, observe that

E

⎡⎣Ã t−2X
j=1

(1 + b1)
j (W2,T ((t− 1)/T )−W2,T ((t− 1− j)/T ))

!2⎤⎦
=

t−2X
j1=1

t−2X
j2=1

(1 + b1)
j1+j2 E [(W2,T ((t− 1)/T )−W2,T ((t− 1− j1)/T ))

× (W2,T ((t− 1)/T )−W2,T ((t− 1− j2)/T ))]

19



=
1

T

t−2X
j1=1

t−2X
j2=1

(1 + b1)
j1+j2 min (j1, j2)

≤ 1

T

Ã ∞X
j=1

|1 + b1|j j
!2
= O (1/T )

Hence

Z1,t/
√
T = b2 (t/T )W2,T ((t− 1)/T ) 1− (1 + b1)

t−1

−b1 +Op
³
1/
√
T
´
.

It follows now easily that for x ∈ [0, 1],

Z1,[xT ]/
√
T ⇒ −b−11 b2 (x)W2 (x) .

whereas it is a standard result that

Z2,[xT ]/
√
T ⇒W2 (x) .

Q.E.D.

2.6.3 The matrix S(0)01,T

It follows from (16), (24) and (25) that

1

T

TX
t=1

∆Z1,tZ
0
t−1

=
1

T

TX
t=1

t−1X
j=0

(b2 ((t− j)/T )− b2 (0)) (1 + b1)j U2,t−1−jZ 0t−1

+ b2 (0)
1

T

TX
t=1

Ã ∞X
j=0

(1 + b1)
j U2,t−1−j

!
Z 0t−1

+ b1
1

T

TX
t=1

Ã ∞X
j=0

(1 + b1)
j U1,t−1−j

!
Z 0t−1 +

1

T

TX
t=1

U1,tZ
0
t−1

=
1

T

TX
t=1

t−1X
j=0

b2 ((t− j)/T ) (1 + b1)j U2,t−1−jZ 0t−1

20



+ b1
1

T

TX
t=1

∞X
j=0

(1 + b1)
j U1,t−1−jZ 0t−1 +

1

T

TX
t=1

U1,tZ
0
t−1

+ b2 (0)

Ã ∞X
j=0

(1 + b1)
j U2,−1−j

!
1

T

TX
t=1

(1 + b1)
t Z 0t−1

Using Lemma A.2 in the paper, we can write
t−1X
j=0

b2 ((t− j)/T ) (1 + b1)j U2,t−1−jZ 0t−1

= b2 (t/T )U2,t−1Z 0t−1

+
t−1X
j=1

b2

µ
t

T
− j

t− 1 ×
t− 1
T

¶
(1 + b1)

j U2,t−1−jZ 0t−1

= b2 (t/T )U2,t−1Z 0t−1 + b2 (1/T )
t−1X
j=1

(1 + b1)
j U2,t−1−jZ 0t−1

+
t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶ [x(t−1)]X
j=0

(1 + b1)
j U2,t−1−jZ 0t−1dx

= b2 (t/T )U2,t−1Z 0t−1 + b2 (1/T )
t−1X
j=1

(1 + b1)
j U2,t−1−jZ 0t−1

+
t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶
dx

∞X
j=0

(1 + b1)
j U2,t−1−jZ 0t−1

−t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶ ∞X
j=[x(t−1)]+1

(1 + b1)
j U2,t−1−jZ 0t−1dx

= b2 (t/T )U2,t−1Z 0t−1 + b2 (1/T )
t−1X
j=1

(1 + b1)
j U2,t−1−jZ 0t−1

− (b2 (1/T )− b2 (t/T ))
∞X
j=0

(1 + b1)
j U2,t−1−jZ 0t−1

−t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶ ∞X
j=[x(t−1)]+1

(1 + b1)
j U2,t−1−jZ 0t−1dx

= (b2 (t/T )− b2 (1/T ))U2,t−1Z 0t−1
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−b2 (1/T ) (1 + b1)t
∞X
j=0

(1 + b1)
j U2,−1−jZ 0t−1

+b2 (t/T )
∞X
j=0

(1 + b1)
j U2,t−1−jZ 0t−1

−t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶ ∞X
j=[x(t−1)]+1

(1 + b1)
j U2,t−1−jZ 0t−1dx

Thus,denoting,

eU1,t =
∞X
j=0

(1 + b1)
j U1,t−j

eU2,t =
∞X
j=0

(1 + b1)
j U2,t−j

we can write

1

T

TX
t=1

∆Z1,tZ
0
t−1

=
1

T

TX
t=1

b2 (t/T )
³
U2,t−1 − eU2,t−1´Z 0t−1

+b1
1

T

TX
t=1

eU1,t−1Z 0t−1 + 1

T

TX
t=1

U1,tZ
0
t−1 − b2 (1/T )

1

T

TX
t=1

U2,t−1Z 0t−1

+(b2 (0)− b2 (1/T )) eU2,−1 1
T

TX
t=1

(1 + b1)
t Z 0t−1

− 1
T

TX
t=1

t− 1
T

Z 1

0

b02

µ
t

T
− x.t− 1

T

¶
(1 + b1)

[x(t−1)]+1 eU2,t−1−[x(t−1)]−1dxZ 0t−1
The last two terms are op

³
1/
√
T
´
, which can be shown as follows. First,

observe that°°°°° 1T
TX
t=1

t− 1
T

Z 1

0

b02

µ
t− 1
T

(1− x) + 1

T

¶
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× (1 + b1)[x(t−1)]+1 eU2,t−1−[x(t−1)]−1dx.Zt−1°°°
≤ sup

0≤x≤1
|b02 (x)| × max

1≤t≤T

°°T−1/2Zt−1°°
× 1√

T

TX
t=1

t− 1
T

Z 1

0

|1 + b1|[x(t−1)]+1
¯̄̄ eU2,t−1−[x(t−1)]−1 ¯̄̄ dx

and

E

"
1√
T

TX
t=1

t− 1
T

Z 1

0

|1 + b1|[x(t−1)]+1
¯̄̄ eU2,t−1−[x(t−1)]−1 ¯̄̄ dx#

= E
h¯̄̄ eU2,0 ¯̄̄i Z 1

0

1√
T

TX
t=1

t− 1
T

|1 + b1|[x(t−1)]+1 dx

= E
h¯̄̄ eU2,0 ¯̄̄i√T Z 1

0

Z 1

0

[yT ]

T
|1 + b1|[x[yT ]]+1 dxdy

≤ E
h¯̄̄ eU2,0 ¯̄̄i√T Z 1

0

Z 1

0

y |1 + b1|x(yT−1) dxdy

= E
h¯̄̄ eU2,0 ¯̄̄i√T Z 1

0

µZ 1

0

y exp (x (yT − 1) ln |1 + b1|) dy
¶
dx

= E
h¯̄̄ eU2,0 ¯̄̄i 1√

T

Z 1

0

exp (−x ln |1 + b1|)
µZ 1

0

yT exp (xyT ln |1 + b1|) dy
¶
dx

= op
³
1/
√
T
´

The latter follows from the fact that ln |1 + b1| < 0 so that by bounded
convergence

lim
T→∞

Z 1

0

yT exp (xyT ln |1 + b1|) dy = 0
pointwise in x ∈ (0, 1].
Next, observe that b2 (0)− b2 (1/T ) = o(1) and°°°°° 1T

TX
t=1

(1 + b1)
t Zt−1

°°°°° ≤ max
1≤t≤T

°°T−1/2Zt−1°° 1√
T

TX
t=1

|1 + b1|t

≤ 1√
T
max
1≤t≤T

°°T−1/2Zt−1°° 1

1− |1 + b1|
= Op

³
1/
√
T
´
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because it follows from Lemma B.2 that max1≤t≤T
°°T−1/2Zt−1°° = Op (1) .

Hence

1

T

TX
t=1

∆Z1,tZ
0
t−1 =

1

T

TX
t=1

b2 (t/T )
³
U2,t−1 − eU2,t−1´Z 0t−1

+b1
1

T

TX
t=1

eU1,t−1Z 0t−1 + 1

T

TX
t=1

U1,tZ
0
t−1

−b2 (1/T ) 1
T

TX
t=1

U2,t−1Z 0t−1 + op
³
1/
√
T
´

Again, using Lemma A.2 in the paper, we can write

1

T

TX
t=1

b2 (t/T )
³
U2,t−1 − eU2,t−1´Z 0t−1

= b2 (1)
1

T

TX
t=1

³
U2,t−1 − eU2,t−1´Z 0t−1 − Z 1

0

b02 (x)
1

T

[xT ]X
t=1

³
U2,t−1 − eU2,t−1´Z 0t−1

hence

1

T

TX
t=1

∆Z1,tZ
0
t−1 = b2 (1)

1

T

TX
t=1

³
U2,t−1 − eU2,t−1´Z 0t−1

−
Z 1

0

b02 (x)
1

T

[xT ]X
t=1

³
U2,t−1 − eU2,t−1´Z 0t−1

+b1
1

T

TX
t=1

eU1,t−1Z 0t−1 + 1

T

TX
t=1

U1,tZ
0
t−1

−b2 (1/T ) 1
T

TX
t=1

U2,t−1Z 0t−1 + op
³
1/
√
T
´

It is now a standard exercise to prove that 1
T

PT
t=1∆Z1,tZ2,t−1 converges

in distribution. In particular, there exist constants σi,κi such that

1

T

TX
t=1

³eU2,t−1 − U2,t−1´Z2,t−1 d→ σ1

Z 1

0

W2 (x) dW2 (x) + κ1
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Z 1

0

b02 (x)
1

T

[xT ]X
t=1

³eU2,t−1 − U2,t−1´Z2,t−1
d→ σ2

Z 1

0

b02 (x)
µZ x

0

W2(y)dW2(y)

¶
dx+ κ2

1

T

TX
t=1

U2,t−1Z2,t−1
d→
Z 1

0

W2 (x) dW2 (x) + 1

1

T

TX
t=1

eU1,t−1Z2,t−1 d→ σ3

Z 1

0

W2 (x) dW1 (x) + κ3

1

T

TX
t=1

U1,tZ2,t−1
d→
Z 1

0

W2 (x) dW1 (x)

where W1 is a standard Wiener process which is independent of W2.
To prove that also 1

T

PT
t=1∆Z1,tZ1,t−1 converges in distribution, observe

from (26) that

Z1,t−1 =
t−2X
j=0

(1 + b1)
j b2 ((t− 1− j)/T )Z2,t−2−j

+
∞X
j=0

(1 + b1)
j U1,t−1−j

+b2 (0) (1 + b1)
t−1
Ã ∞X
j=0

(1 + b1)
j Z2,−1−j

!

=
t−2X
j=0

(1 + b1)
j b2 ((t− 1− j)/T )Z2,t−2−j

+eU1,t−1 + b2 (0) eZ2,−1 (1 + b1)t−1
=

t−1X
j=0

(1 + b1)
j b2 ((t− 1− j)/T )Z2,t−2−j + eU1,t−1

+b2 (0)
³eZ2,−1 − Z2,−1´ (1 + b1)t−1
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It follows from the mean value theorem that for 3 ≤ t ≤ T,¯̄̄̄
¯
t−1X
j=0

b2 ((t− 1− j)/T ) (1 + b1)j Z2,t−2−j

−
t−1X
j=0

b2 ((t− 1)/T ) (1 + b1)j Z2,t−2−j
¯̄̄̄
¯

≤ sup
0≤x≤1

|b02 (x)|
1

T

t−1X
j=0

j |1 + b1|j |Z2,t−2−j|

≤ 1√
T
sup
0≤x≤1

|b02 (x)| × max
1≤t≤T

¯̄
T−1/2Z2,t

¯̄× ∞X
j=0

j |1 + b1|j

= Op
³
1/
√
T
´

hence

Z1,t−1 = b2 ((t− 1)/T )
t−1X
j=0

(1 + b1)
j Z2,t−2−j + eU1,t−1

+b2 (0)
³eZ2,−1 − Z2,−1´ (1 + b1)t−1 +Op ³1/√T´

Then, for example,

1

T

TX
t=1

U2,t−1Z1,t−1 =
1

T

TX
t=1

b2 ((t− 1)/T )U2,t−1
t−1X
j=0

(1 + b1)
j Z2,t−2−j

+
1

T

TX
t=1

U2,t−1 eU1,t−1 + op (1)
Denote bZ2,t−2 = Z2,t−2 for t ≥ 1, bZ2,t−2 = 0 for t < 1. Then

1

T

TX
t=1

U2,t−1Z1,t−1 =
∞X
j=0

(1 + b1)
j 1

T

TX
t=1

b2 ((t− 1)/T )U2,t−1 bZ2,t−2−j
+
1

T

TX
t=1

U2,t−1 eU1,t−1 + op (1)
26



Using Lemma A.2 in the paper, we can write

1

T

TX
t=1

b2 ((t− 1)/T )U2,t−1 bZ2,t−2−j
= b2 (1− 1/T ) 1

T

TX
t=1

U2,t−1 bZ2,t−2−j
−
Z 1

0

b02 (x− 1/T )
1

T

[xT ]X
t=1

U2,t−1 bZ2,t−2−jdx
which converges in distribution or in probability. Moreover,

1

T

TX
t=1

U2,t−1 eU1,t−1 p→ E
h
U2,1 eU1,1i

Thus 1
T

PT
t=1 U2,t−1Z1,t−1 converges in distribution. By a similar argument

it follows that 1
T

PT
t=1∆Z1,tZ1,t−1 converges in distribution. Along the same

lines it can be shown that 1
T

PT
t=1∆Z2,tZt−1 =

1
T

PT
t=1 U2,tZt−1 converges in

distribution. Consequently,

Lemma B.3. Under H(m)
1 (p = 1), S(0)01,T =

1
T

PT
t=1∆ZtZ

0
t−1

d→ S
(0)
01 , where

the latter is a random matrix.

2.6.4 The scalar ς 0S(m)11,T ς

It follows from (24) and (25) that

b21E
h
ς 0Z(m)t−1Z

(m)0
t−1 ς

i
=

t−1X
j=0

(1 + b1)
2j (b2 ((t− j)/T )− b2 (0))2

+2
t−1X
j=0

(1 + b1)
2j (b2 ((t− j)/T )− b2 (0))

+
b21 + b2 (0)

2

1− (1 + b1)2
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Since b2 is differentiable with bounded derivative b02, it follows by the mean
value theorem that¯̄̄̄

¯
t−1X
j=0

(1 + b1)
2j (b2 ((t− j)/T )− b2 (0))−

t−1X
j=0

(1 + b1)
2j (b2 (t/T )− b2 (0))

¯̄̄̄
¯

≤ sup
x∈[0,1]

|b2(x)|
t−1X
j=1

(1 + b1)
2j j/T ≤ T−1 sup

x∈[0,1]
|b2(x)|

∞X
j=1

(1 + b1)
2j j

= O (1/T )

hence
t−1X
j=0

(1 + b1)
2j (b2 ((t− j)/T )− b2 (0))

=
t−1X
j=0

(1 + b1)
2j (b2 (t/T )− b2 (0)) +O (1/T )

=
1− (1 + b1)2t
1− (1 + b1)2

(b2 (t/T )− b2 (0)) +O (1/T )

Similarly, it follows that
t−1X
j=0

(1 + b1)
2j (b2 ((t− j)/T )− b2 (0))2

=
1− (1 + b1)2t
1− (1 + b1)2

(b2 (t/T )− b2 (0))2 +O (1/T )

Thus,

lim
T→∞

b21E

"
1

T

TX
t=1

ς 0Z(m)t−1Z
(m)0
t−1 ς

#

= lim
T→∞

1

T

TX
t=1

1− (1 + b1)2t
1− (1 + b1)2

(b2 (t/T )− b2 (0))2

+ 2 lim
T→∞

1

T

TX
t=1

1− (1 + b1)2t
1− (1 + b1)2

(b2 (t/T )− b2 (0))

+
b21 + b2 (0)

2

1− (1 + b1)2
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It follows now easily that

p lim
T→∞

ς 0S(m)11,T ς = p lim
T→∞

1

T

TX
t=1

ς 0Z(m)t−1Z
(m)0
t−1 ς

= lim
T→∞

E

"
1

T

TX
t=1

ς 0Z(m)t−1Z
(m)0
t−1 ς

#

=
1

b21
¡
1− (1 + b1)2

¢ ∙Z 1

0

(b2 (x)− b2 (0))2 dx

+2

Z 1

0

(b2 (x)− b2 (0)) dx+ b21 + b2 (0)2
¸

(27)

2.6.5 The matrix S00,T

Recall that

S00,T =
1

T

TX
t=1

4Zt4 Z 0
t

=
1

T

TX
t=1

³
δς 0Z(m)t−1 + Ut

´³
Z
(m)0
t−1 ςδ

0 + U 0t
´

= ς 0S(m)11,T ςδδ
0 + δ

1

T

TX
t=1

ς 0Z(m)t−1U
0
t

+
1

T

TX
t=1

UtZ
(m)0
t−1 ςδ

0 +
1

T

TX
t=1

UtU
0
t

It follows from (24) and (25) that

E
h
b1ς

0Z(m)t−1U
0
t

i
=

t−1X
j=0

(1 + b1)
j (b2 ((t− j)/T )− b2 (0))E [U2,t−1−jU 0t ]

+E [RtU
0
t ] = 0

It therefore follows straightforwardly from (20) that

p lim
T→∞

S00,T =

µ
b21.p limT→∞ ς 0S(m)11,T ς + 1 0
0 1

¶
(28)
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2.6.6 The vector S(m)01,T ς

The vector S(m)01,T ς is given by

S
(m)
01,T ς =

1

T

TX
t=1

4ZtZ(m)
0

t−1 ς

=
1

T

TX
t=1

δς 0Z(m)t−1Z
(m)0
t−1 ς +

1

T

TX
t=1

UtZ
(m)0
t−1 ς

Similar to the previous results it follows straightforwardly that

p lim
T→∞

S
(m)
01,T ς =

µ
b1.p limT→∞ ς 0S(m)11,T ς
0

¶
2.6.7 Conclusions

Consequently,

p lim
T→∞

bλ(m)max = p lim
T→∞

ς 0S(m)10,TS
−1
00,TS

(m)
01,T ς

ς 0S(m)11,T ς
=

b21.p limT→∞ ς 0S(m)11,T ς

b21.p limT→∞ ς 0S(m)11,T ς + 1
∈ (0, 1)

(29)
On the other hand, it follows from Lemmas 3-4 and (28) that

BT = S
(0)
10,TS

−1
00,TS

(0)
01,T

d→ B

say, and

AT =
1

T
S
(0)
11,T

d→
Ã
b−21

R 1
0
b2 (x)

2W2(x)
2dx −b−11

R 1
0
b2 (x)W2(x)

2dx

−b−11
R 1
0
b2 (x)W2(x)

2dx
R 1
0
W2(x)

2dx

!
= A

say. Hence, for any nonzero vector β ∈ R2,

T
β0S(0)10,TS

−1
00,TS

(0)
01,Tβ

β0S(0)11,Tβ
=

β0BTβ
β0ATβ

d→ β0Bβ
β0Aβ

so that

p lim
T→∞

β0S(0)10,TS
−1
00,TS

(0)
01,Tβ

β0S(0)11,Tβ
= 0
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3 Appendix C: Time Varying Cointegration
With Drift

3.1 Null Hypothesis

For convenience we list here the assumptions corresponding to the time-
invariant cointegration with drift case.

Assumption C.1. 4Yt = C (L) (Ut + µ) =
P∞

j=0Cj (Ut−j + µ), with Ut ∼
i.i.d. Nk(0, Ik), and µ a vector of imbedded drift parameters. Moreover, the
elements of the k × k matrices Cj decrease exponentially to zero with j.

Given Assumption C.1, we can write 4Yt as
4Yt = C(1)Ut + C(1)µ+ Vt − Vt−1 (30)

where

Vt = D(L)Ut with D(L) =
C(L)− C(1)

1− L (31)

is a zero-mean stationary Gaussian process. This is the well-known Beveridge-
Nelson decomposition. Hence

Yt = C(1)
tX
j=1

Uj + C(1)µ.t+ Vt + Y0 − V0 (32)

The next assumption is the same as Assumption 2 in the paper:

Assumption C.2. The matrix C (1) is singular, with rank 1 ≤ r < k:
There exists a k × r matrix β such that β0C (1) = Or,k. Moreover, the r × k
matrix β0D(1) has rank r.

Thus under Assumptions C.1-2, β0Yt = β0Vt + β0 (Y0 − V0) .
Recall that Assumption 3 in the paper, stating that Ut = 0 for t < 1, has

been dropped, so that now β0 (Y0 − V0) 6= 0.
The next Assumption C.3 replaces Assumption 4 in the paper.

Assumption C.3. ∆Yt has the VECM (p) representation

4Yt = γ0 + αβ0Yt−1 +
p−1X
j=1

Γj 4 Yt−j + C0Ut (33)
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Finally, Assumption 5 will be restated as Assumption C.4.

Assumption C.4. Var
³¡
Y 0t−1β,X

0
t

¢0´
is nonsingular, where

Xt = (4Yt−1, ...,4Yt−p+1)0 .

3.2 Time Varying Error Correction Model

Let

4Yt = γ0 + αξ0Y (m)t−1 +
p−1X
j=1

Γj 4 Yt−j + C0Ut (34)

where ξ
0
=
¡
ξ
0
0, ξ

0
1, ..., ξ

0
m

¢
is an r × (m+ 1)k matrix of full rank, and now

Y
(m)
t−1 =

¡
Y 0t−1, P1,T (t)Y

0
t−1, P2,T (t)Y

0
t−1, ..., Pm,T (t)Y

0
t−1
¢0

= PT (t)⊗ Yt−1
where Pj,T (t) is a Chebishev polynomial of order j, i.e.,

P0,T (t) = 1, Pi,T (t) =
√
2 cos (iπ (t− 0.5) /T ) , (35)

t = 1, 2, ..., T, i = 1, 2, 3, ...

and
PT (t) = (1, P1,T (t) , P2,T (t) , ..., Pm,T (t))

0 (36)

Under Assumptions C.1-3,

ξ =

µ
β
Om.k×r

¶
(37)

where β is the k × r matrix of TI cointegrating vectors, and Y (0)t−1 = Yt−1, so
that then (34) reduces to (33).
Denote eXt = (1,X 0

t)
0
, Γ = (γ0,Γ1, ....,Γp−1) .

Then we can write (34) as

4Yt = αξ0Y (m)t−1 + Γ eXt + C0Ut (38)
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3.3 Properties of Y (m)t−1
Under the null hypothesis,

Y
(m)
t−1 = PT (t)⊗

Ã
C(1)

t−1X
j=1

Uj + C(1)µ. (t− 1) + Vt−1 + Y0 − V0
!

where PT (t) is defined by (36).
Let β⊥ be as in Lemma A.6, i.e., β0⊥C(1) = (α

0
⊥Ωα⊥)

−1/2 α0⊥C
0
0. Then

(β0⊥ ⊗ Im+1)Y (m)t−1 = PT (t)⊗
Ã
(α0⊥Ωα⊥)

−1/2
α0⊥C

0
0

t−1X
j=1

Uj

!
+PT (t)⊗

³
(α0⊥Ωα⊥)

−1/2
α0⊥C

0
0µ. (t− 1)

´
+PT (t)⊗ (β0⊥Vt−1) + P ∗T (t) (β0⊥ (Y0 − V0))

Next, let

µ =
³
µ0C0α⊥ (α0⊥Ωα⊥)

−1
α0⊥C

0
0µ
´−1

(α0⊥Ωα⊥)
−1/2

α0⊥C
0
0µ

which is a vector in Rk−r. Note that µ0µ = 1 by normalization. Let µ⊥ be an
orthogonal complement of µ, normalized such that µ0⊥µ⊥ = Ik−r−1. Then

(µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)Y (m)t−1 (39)

= PT (t)⊗
Ã
µ0⊥ (α

0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

t−1X
j=1

Uj

!
+ PT (t)⊗ (µ0⊥β0⊥Vt−1) + PT (t) (µ0⊥β0⊥ (Y0 − V0))

and

(µ0 ⊗ Im+1) (β0⊥ ⊗ Im+1)Y (m)t−1 (40)

= PT (t)⊗
Ã
µ0 (α0⊥Ωα⊥)

−1/2
α0⊥C

0
0

t−1X
j=1

Uj

!
+ PT (t)⊗ (t− 1) + PT (t)⊗ (µ0β0⊥Vt−1)
+ PT (t) (µ

0β0⊥ (Y0 − V0))

33



Hence

(µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)
1√
T
Y
(m)
[xT ] ⇒ p(x)⊗W k−r−1(x) (41)

where
W k−r−1 = µ

0
⊥ (α

0
⊥Ωα⊥)

−1/2
α0⊥C

0
0W (42)

is a k − r − 1 variate standard Wiener process, and
p(x) =

³
1,
√
2 cos(πx), ....,

√
2 cos(mπx)

´0
On the other hand,

(µ0 ⊗ Im+1) (β0⊥ ⊗ Im+1)
1

T
Y
(m)
[x.T ] ⇒ p(x)⊗

³
µ0 (α0⊥Ωα⊥)

−1/2
α0⊥C

0
0µ
´
x

= p(x)⊗ x (43)

The results (41) and (43) prove Lemma 7 and the following lemma.

Lemma C.1. Let MT =
¡
T−1/2µ, µ⊥

¢
. Under Assumptions C.1-C.2

(M 0
T ⊗ Im+1) (β0⊥ ⊗ Im+1)

1√
T
Y
(m)
[x.T ] ⇒ p(x)⊗

µ
W k−r−1(x)
x

¶
hence

(M 0
T ⊗ Im+1) (β0⊥ ⊗ Im+1)

1

T 2

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1 (β⊥ ⊗ Im+1) (MT ⊗ Im+1)

d→
Z 1

0

µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶0
dx

This result yields the following corollary:

Lemma C.2. Let Y
(m)

t−1 = Y
(m)
t−1 − 1

T

PT
τ=1 Y

(m)
τ−1 . Then under Assumptions

C.1-C.4,

(M 0
T ⊗ Im+1) (β0⊥ ⊗ Im+1)

1

T 2

TX
t=1

Y
(m)

t−1Y
(m)0
t−1 (β⊥ ⊗ Im+1) (MT ⊗ Im+1)

d→
Z 1

0

µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶0
dx

−
Z 1

0

µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶
dx

Z 1

0

µ
p(x)⊗

µ
W k−r−1(x)
x

¶¶0
dx
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Next, observe that

(β0 ⊗ Im+1)Y (m)t−1 = PT (t)⊗ (β0Vt)− 1

T

TX
τ=1

PT (τ)⊗ (β0Vτ)

= PT (t)⊗ (β0Vt) + op(1)
hence

(µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)
Ã

1

T
√
T

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1

!
(β ⊗ Im+1)

=
1

T

TX
t=1

(PT (t)PT (t)
0)⊗

Ã
µ0⊥ (α

0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

1√
T

t−1X
j=1

Uj

!
× ¡V 0t−1β + op(1)¢
+

1

T
√
T

TX
t=1

(PT (t)PT (t)
0)⊗ µ0⊥β0⊥Vt−1

¡
V 0t−1β + op(1)

¢
+

1

T
√
T

TX
t=1

(PT (t)PT (t)
0)⊗ (µ0⊥β0⊥ (Y0 − V0))

¡
V 0t−1β + op(1)

¢
= op(1)

Similarly,

(µ0 ⊗ Im+1) (β0⊥ ⊗ Im+1)
Ã
1

T 2

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1

!
(β ⊗ Im+1)

=
1

T

TX
t=1

(PT (t)PT (t)
0)⊗

µ
t− 1
T

¶¡
V 0t−1β + op(1)

¢
+ op(1)

= op(1)

and

(β0 ⊗ Im+1) 1
T

TX
t=1

Y
(m)

t−1Y
(m)0
t−1 (β ⊗ Im+1)

=
1

T

TX
t=1

(PT (t)PT (t)
0)⊗ (β0VtV 0t β) + op(1)
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=
1

T

TX
t=1

(PT (t)PT (t)
0)⊗ (β0E [VtV 0t ] β) + op(1)

= Im+1 ⊗ (β0E [V1V 01 ] β) + op(1)
Hence,

Lemma C.3. Under Assumptions C.1-C.4 ,

(M 0
T ⊗ Im+1) (β0⊥ ⊗ Im+1)

Ã
1

T
√
T

TX
t=1

Y
(m)

t−1Y
(m)0
t−1

!
(β ⊗ Im+1) = op(1),

(β0 ⊗ Im+1) 1
T

TX
t=1

Y
(m)

t−1Y
(m)0
t−1 (β ⊗ Im+1) = Im+1 ⊗ (β0E [V1V 01 ] β) + op(1)

3.4 The Matrices S00,T , S
(m)
11,T and S

(m)
01,T

Consider the following matrices:

S00,T =
1

T

TX
t=1

4Yt4 Y 0
t (44)

−
Ã
1

T

TX
t=1

4Yt eX 0
t

!Ã
1

T

TX
t=1

eXt eX 0
t

!−1Ã
1

T

TX
t=1

eXt4 Y 0
t

!
,

S
(m)
11,T =

1

T

TX
t=1

Y
(m)
t−1 Y

(m)0
t−1 (45)

−
Ã
1

T

TX
t=1

Y
(m)
t−1 eX 0

t

!Ã
1

T

TX
t=1

eXtX 0
t

!−1Ã
1

T

TX
t=1

eXtY (m)0t−1

!
,

S
(m)
01,T =

1

T

TX
t=1

4YtY (m)
0

t−1 (46)

−
Ã
1

T

TX
t=1

4Yt eX 0
t

!Ã
1

T

TX
t=1

eXt eX 0
t

!−1Ã
1

T

TX
t=1

eXteY (m)0t−1

!
,

S
(m)
10,T =

³
S
(m)
01,T

´0
. (47)
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Lemma C.4. Let 4Y t = 4Yt − 1
T

PT
τ=14Yτ and Xt = Xt − 1

T

PT
τ=1Xτ.

Then

S00,T =
1

T

TX
t=1

4Y t4 Y
0

t

−
Ã
1

T

TX
t=1

4Y tX
0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1Ã
1

T

TX
t=1

Xt4 Y
0

t

!
,(48)

S
(m)
11,T =

1

T

TX
t=1

Y
(m)

t−1Y
(m)0

t−1

−
Ã
1

T

TX
t=1

Y
(m)

t−1X
0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1Ã
1

T

TX
t=1

XtY
(m)0

t−1

!
, (49)

S
(m)
01,T =

1

T

TX
t=1

4Y tY (m)
0

t−1

−
Ã
1

T

TX
t=1

4Y tX
0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1Ã
1

T

TX
t=1

XtY
(m)0

t−1

!
, (50)

Proof : This result follows trivially from the fact the OLS residuals of a
regression with intercept are the same as the OLS residuals of this regression
without intercept after demeaning all the variables.

3.5 Properties of the Matrix 1
T

PT
t=1 Y

(m)
t−1X

0
t

Now let us focus on the properties of the matrix 1
T

PT
t=1 Y

(m)

t−1X
0
t. If follows

from (39) that

(µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)
1

T

TX
t=1

Y
(m)

t−1X
0
t

= (µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)
1

T

TX
t=1

Y
(m)
t−1 X

0
t

=
1

T

TX
t=1

PT (t)⊗
Ã
µ0⊥ (α

0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

t−1X
j=1

Uj

!
X
0
t
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+
1

T

TX
t=1

PT (t)⊗ (µ0⊥β0⊥Vt−1)X 0
t

+
1

T

TX
t=1

PT (t) (µ
0
⊥β

0
⊥ (Y0 − V0))X 0

t

The last two terms are Op(1). The first term is a matrix with typical blocks

µ0⊥ (α
0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

1

T

TX
t=1

Pi,T (t)

Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!Ã
t−1X
τ=1

Uτ

!

= µ0⊥ (α
0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

1

T

TX
t=1

Pi,T (t)

Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!

×
Ã
t−j−1X
τ=1

Uτ

!

+ µ0⊥ (α
0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

1

T

TX
t=1

Pi,T (t)

Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!

×
Ã

t−1X
τ=t−j

Uτ

!

= µ0⊥ (α
0
⊥Ωα⊥)

−1/2
α0⊥C

0
0

1

T

TX
t=1

Pi,T (t)

Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!

×
Ã
t−j−1X
τ=1

Uτ

!
+Op(1)

Using Lemma A.2 it follows that

1

T

TX
t=1

Pi,T (t)

Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!Ã
t−j−1X
τ=1

Uτ

!

= Pi,T (T )
1

T

TX
t=1

(∆Yt−j −E [∆Y1])
Ã
t−j−1X
τ=1

Uτ

!

−
Z 1

0

P 0i,T ([xT ])
1

T

[xT ]X
t=1

(∆Yt−j −E [∆Y1])
Ã
t−j−1X
τ=1

Uτ

!
dx
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− Pi,T (T ) 1√
T

TX
t=1

(∆Yt−j −E [∆Y1])
Ã
1

T

TX
τ=1

1√
T

t−j−1X
τ=1

Uτ

!

+

Z 1

0

P 0i,T ([xT ])
1√
T

TX
t=1

(∆Yt−j −E [∆Y1])

× 1

T

TX
τ=1

Ã
1√
T

t−j−1X
τ=1

Uτ

!
dx = Op(1)

where the last conclusion follows from Lemma A.1 and the fact that

1√
T

TX
t=1

(∆Yt−j −E [∆Y1]) = Op(1)

and
1

T

TX
τ=1

1√
T

t−j−1X
τ=1

Uτ = Op(1).

Thus,

(µ0⊥ ⊗ Im+1) (β0⊥ ⊗ Im+1)
1

T

TX
t=1

Y
(m)

t−1X
0
t = Op(1) (51)

Next, observe from (40) that

(µ0 ⊗ Im+1) (β0⊥ ⊗ Im+1)
1

T
√
T

TX
t=1

Y
(m)
t−1 X

0
t

=
1

T
√
T

TX
t=1

PT (t)⊗
Ã
µ0 (α0⊥Ωα⊥)

−1/2
α0⊥C

0
0

t−1X
j=1

Uj

!
X
0
t

+
1

T
√
T

TX
t=1

PT (t)⊗ (t− 1)X 0
t

+
1

T
√
T

TX
t=1

PT (t)⊗
³
µ0β0⊥Vt−1X

0
t

´
+

1

T
√
T

TX
t=1

PT (t)
³
µ0β0⊥ (Y0 − V0)X 0

t

´
=

1√
T

TX
t=1

PT (t)⊗
µ
t− 1
T

¶
X
0
t +Op

³
1/
√
T
´
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where the Op
³
1/
√
T
´
term is due similar to (51). Again, the latter matrix

has typical element

1√
T

TX
t=1

Pi,T (t)⊗
µ
t− 1
T

¶Ã
∆Yt−j − 1

T

TX
τ=1

∆Yτ−j

!
(52)

=
1√
T

TX
t=1

Pi,T (t)

µ
t− 1
T

¶
(∆Yt−j − E [∆Y1])

−
Ã
1

T

TX
t=1

Pi,T (t)

µ
t− 1
T

¶!Ã
1√
T

TX
t=1

(∆Yt−j − E [∆Y1])
!

=
1√
T

TX
t=1

Pi,T (t)

µ
t− 1
T

¶
(∆Yt−j − E [∆Y1]) +Op(1)

= Op(1)

where the last conclusion follows from Lemma A.2.
Finally, observe that

(β0 ⊗ Im+1) 1
T

TX
t=1

Y
(m)

t−1X
0
t =

1

T

TX
t=1

PT (t)⊗
³
β0Vt−1X

0
t

´
(53)

=
1

T

TX
t=1

PT (t)⊗ β0Vt−1X 0
t

−
Ã
1

T

TX
t=1

PT (t)β
0Vt−1

!Ã
1

T

TX
t=1

X 0
t

!

=

Ã
1

T

TX
t=1

PT (t)

!
⊗ β0E [V0X 0

1] + op(1)

=

µ
β0E [V0X 0

1]
Orm,k

¶
+ op(1)

Thus, it follows from (51), (52) and (53) that

Lemma C.5. Under Assumptions C.1-4,

(M 0
T ⊗ Im+1) (β0⊥ ⊗ Im+1)

Ã
1

T

TX
t=1

Y
(m)

t−1Xt

!
= Op(1)
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(β0 ⊗ Im+1) 1
T

TX
t=1

Y
(m)

t−1X
0
t =

µ
β0E [V0X 0

1]
Orm,k

¶
+ op(1)

3.6 Properties of the Matrix S(m)01,T

Note that we can rewrite (33) as

4Y t = αβ0Y t−1 + Γ∗Xt + C0U t (54)

where now Γ∗ = (Γ1, ...,Γp−1) , U t = Ui − U, where U = 1
T

PT
t=1 Ut. Substi-

tuting (54) in (50) yields

S
(m)
01,T = α

1

T

TX
t=1

β
0
Y t−1Y

(m)0

t−1 (55)

−α
Ã
1

T

TX
t=1

β
0
Y t−1X

0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1Ã
1

T

TX
t=1

XtY
(m)0

t−1

!

+C0
1

T

TX
t=1

U tY
(m)0

t−1

−C0
Ã
1

T

TX
t=1

U tX
0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1Ã
1

T

TX
t=1

XtY
(m)0

t−1

!

hence
√
T (α0⊥Ωα⊥)

−1/2
α0⊥S

(m)
01,T (β ⊗ Im+1) (56)

= (α0⊥Ωα⊥)
−1/2

α0⊥C0
1√
T

TX
t=1

U tY
(m)0

t−1 (β ⊗ Im+1)

− (α0⊥Ωα⊥)−1/2 α0⊥C0
Ã
1√
T

TX
t=1

U tX
0

t

!Ã
1

T

TX
t=1

XtX
0

t

!−1

×
Ã
1

T

TX
t=1

XtY
(m)0

t−1 (β ⊗ Im+1)
!
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= (α0⊥Ωα⊥)
−1/2

α0⊥C0
1√
T

TX
t=1

UtY
(m)0

t−1 (β ⊗ Im+1)

− (α0⊥Ωα⊥)−1/2 α0⊥C0
Ã
1√
T

TX
t=1

UtX
0

t

!¡
Σ−1XXΣXβ, Ok(p−1),r.m

¢
+ op(1)

=
1√
T

TX
t=1

ϑt
³
Y
(m)0

t−1 (β ⊗ Im+1)−
³
X

0

tΣ
−1
XXΣXβ, 0

0
r.m

´´
+ op(1)

where

ΣXX = p lim
T→∞

1

T

TX
t=1

XtX
0

t, ΣXβ = p lim
T→∞

1

T

TX
t=1

XtY
0

t−1β, ΣβX = Σ0Xβ

and
ϑt = (α

0
⊥Ωα⊥)

−1/2
α0⊥C0Ut

It follows therefore similar to Lemma A.7 that

Lemma C.6. Under Assumptions C.1-4,

(α0⊥Ωα⊥)
−1/2

α0⊥S
(m)
01,T (β

0
⊥ ⊗ Im+1) (MT ⊗ Im+1) d→

Z 1

0

(dWk−r)fW 0
k−r,m

(57)
and √

T (α0⊥Ωα⊥)
−1/2

α0⊥S
(m)
01,T (β ⊗ Im+1) d→ Z (58)

jointly, where Z is a (k − r)× r(m+ 1) random matrix and

Wk−r = (α0⊥Ωα⊥)
−1/2

α0⊥C0WfWk−r,m(x) = p(x)⊗
µ
W k−r−1(x)
x

¶
(59)

−
Z 1

0

p(y)⊗
µ
W k−r−1(y)
y

¶
dy,

with W k−r−1 defined by (42). In particular, the k − r columns of Z 0 are
independent

Nr(m+1)

∙
0,

µ
Σ∗ββ Or,r.m
Or.m,r Σββ ⊗ Im

¶¸
(60)
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distributed, where

Σββ = p lim
T→∞

1

T

TX
t=1

β0Y t−1Y
0

t−1β, Σ
∗
ββ = Σββ − ΣβXΣ

−1
XXΣXβ

Moreover,

Z2 = Z

µ
Or,r.m
Ir.m

¶
(61)

is independent of fWk−r,m and Wk−r.

Proof : We only need to prove the last claim. Recall from (42) that
W k−r−1 = µ0⊥Wk−r, so that we only need to show that Z2 and Wk−r are
independent. Note that

1√
T

TX
t=1

ϑt

µ
Y
(m)0

t−1 (β ⊗ Im+1)
µ
Or,r.m
Ir.m

¶¶

=
1√
T

TX
t=1

ϑt

µ³
Y
(m)0
t−1 (β ⊗ Im+1)−E

h
Y
(m)0
t−1 (β ⊗ Im+1)

i´µ Or,r.m
Ir.m

¶¶

−
Ã
1√
T

TX
t=1

ϑt

!
1

T

TX
t=1

³
Y
(m)0
t−1 (β ⊗ Im+1)−E

h
Y
(m)0
t−1 (β ⊗ Im+1)

i´µ Or,r.m
Ir.m

¶

=
1√
T

TX
t=1

ϑt

µ³
Y
(m)0
t−1 (β ⊗ Im+1)−E

h
Y
(m)0
t−1 (β ⊗ Im+1)

i´µ Or,r.m
Ir.m

¶¶
+op(1)

d→ Z2

Consider the empirical processes

WT,k−r(x) =
1√
T

[xT ]X
t=1

ϑt, Z2,T (x) =
1√
T

[xT ]X
t=1

ϑtGt−1

where

Gt−1 =
³
Y
(m)0
t−1 (β ⊗ Im+1)−E

h
Y
(m)0
t−1 (β ⊗ Im+1)

i´µ Or,r.m
Ir.m

¶
,
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and note that WT,k−r ⇒Wk−r. Then

E [Z2T (x)WT,k−r(y)0] =
1

T

[min(x,y)T ]X
t=1

E [ϑtGt−1ϑ0t]

=
1

T

[min(x,y)T ]X
t=1

E [ϑt (E [Gt−1|ϑt])ϑ0t]

= O

because E [Gt−1|ϑt] = E [Gt−1] = 0. This proves that Z2 and Wk−r are
independent.

3.7 Conclusion

It is easy to verify that Lemmas A.4 and A.5 carry over to the drift case.
Therefore, if we redefine ξ⊥,T as

ξ⊥,T =

Ã
(β⊥ ⊗ Im+1) (MT ⊗ Im+1) ,

Ã
Ok,m.r√
T
³
βΣ

−1/2
ββ ⊗ Im

´ !!

and fWk−r,m as (59), then Lemmas 3-5 and Theorem 1 carry over.

4 Appendix D: Monte Carlo Results

4.1 Empirical Size

To check how close the asymptotic critical values based on the χ2 distribution
are to the ones based on the small sample null distribution, we have applied
our test to 10,000 replications of the bivariate cointegrated vector time series
process Yt = (Y1,t, Y2,t)

0, where Y1,t = Y2,t + U1,t, Y2,t = Y2,t−1 + U2,t with
Ut = (U1,t, U2,t)

0 drawn independently from the bivariate standard normal
distribution, for various values of T and m. The results are given in Table
D.1. In each entry, q1−α stands for the empirical 1−α quantile. Thus, they are
the empirical critical values. The values in parenthesis are the acceptance
frequencies based on the χ2 critical values. The case T = 324 is included
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because this the sample size of the empirical application in section 6.

Table D.1: Empirical Distribution of the LR TVC Statistic
m = 1 m = 2 m = 3 m = 4 m = 5 m = 10 m = 15 m = 25

q0.90 5.320
(0.930)

9.195
(0.943)

12.787
(0.953)

16.320
(0.961)

19.854
(0.969)

38.759
(0.992)

60.610
(0.999)

119.797
(0.999)

T = 100 q0.95 7.027
(0.970)

11.159
(0.975)

15.111
(0.980)

18.829
(0.984)

22.643
(0.987)

42.543
(0.997)

65.650
(0.999)

127.696
(0.999)

q0.99 10.426
(0.994)

15.271
(0.995)

19.973
(0.997)

24.160
(0.997)

28.643
(0.998)

49.833
(0.999)

76.269
(0.999)

143.749
(0.999)

q0.9 4.880
(0.912)

8.313
(0.919)

11.607
(0.928)

14.693
(0.934)

17.792
(0.941)

33.273
(0.968)

49.068
(0.984)

85.794
(0.998)

T = 200 q0.95 6.406
(0.959)

10.065
(0.960)

13.595
(0.965)

16.896
(0.968)

20.395
(0.974)

37.000
(0.988)

53.424
(0.994)

91.731
(0.999)

q0.99 9.666
(0.992)

14.188
(0.993)

17.834
(0.993)

21.993
(0.995)

25.364
(0.995)

43.754
(0.998)

62.006
(0.999)

102.433
(0.999)

q0.90 4.790
(0.908)

8.149
(0.913)

11.181
(0.917)

14.059
(0.919)

17.050
(0.926)

31.247
(0.947)

45.621
(0.966)

76.331
(0.990)

T = 324 q0.95 6.275
(0.956)

10.015
(0.959)

13.197
(0.959)

16.400
(0.963)

19.452
(0.965)

34.608
(0.977)

49.515
(0.986)

81.177
(0.996)

q0.99 9.530
(0.991)

14.173
(0.993)

18.042
(0.993)

21.193
(0.993)

24.749
(0.994)

40.850
(0.996)

56.899
(0.997)

91.638
(0.999)

q0.90 4.658
(0.902)

7.945
(0.906)

10.952
(0.910)

13.861
(0.914)

16.616
(0.916)

30.083
(0.931)

43.651
(0.948)

71.478
(0.975)

T = 500 q0.95 6.088
(0.952)

9.709
(0.954)

13.119
(0.958)

16.138
(0.959)

19.075
(0.960)

33.377
(0.969)

47.753
(0.979)

76.213
(0.990)

q0.99 9.092
(0.989)

13.898
(0.992)

17.313
(0.991)

20.767
(0.992)

24.063
(0.992)

39.983
(0.994)

55.072
(0.996)

84.851
(0.998)

4.2 Size and Power of the Park-Hahn Tests

Park and Hahn (1999) propose two types of test for TV cointegration, with
statistics given by

bτ 1 = PT
t=1 bu2t −PT

t=1 bs2tbω2Tκ , bτ 2 = PT
t=1

¡Pt
i=1 bui¢2

T 2bω2Tκ ,

where the but’s are the residuals of the regression of Z1,t on Z2,t, the bst’s
are the residuals of the regression of Z1,t on Z2,t and t, t2, .., ts, and bω2Tκ =
1
T

P
|k|<`T g (k/`T )

PT
t=k+1 buκ,tbuκ,t−k is a long-run variance estimator, where

the buκ,t’s are the residuals of the regression of Z1,t on ϕi (t/T )Z2,t for i =
1, ..., K, with the ϕi’s Fourier and other functions. As to the latter, we
consider two cases, indicated by c:

c = 1 : ϕ1(r) = cos(2πr), ϕ2(r) = sin(2πr), ϕ3(r) = 1, ϕ4(r) = r
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c = 2 : ϕ1(r) = cos(2πr), ϕ2(r) = sin(2πr), ϕ3(r) = cos(4πr),

ϕ4(r) = sin(4πr), ϕ5(r) = 1, ϕ6(r) = r, ϕ7(r) = r
2

The statistic bτ 1 also depends on the polynomial order s. We consider the
cases s = 1 and s = 4. Note that the test bτ 2 is in essence the well-known
KPSS test. See Kwiatkowski et al. (1992). Finally, we use for g the Bartlett
kernel, the truncation lag is `T = [T 1/3], the number of replications is 10, 000,
and T = 100, 200. The results are presented in Table D.2.
Surprisingly, both Park-Hahn tests suffer from extreme size distortion, in

particular the KPSS test bτ 2. Therefore, it is difficult to compare the actual
power of these tests with the power of our test. Also, the size and power of
test bτ 1 is quite sensitive to the choice of the functions ϕi’s and the polynomial
order s.

Table D.2: Size and power of the Park-Hahn tests
αasy = 0.05 bτ 1 bτ 2
T = 100 s = 4, c = 2 s = 1, c = 2 s = 4, c = 1 c = 2 c = 1
ω = 0 0.466 0.255 0.401 0.757 0.717
ω = 0.01 0.481 0.277 0.419 0.766 0.728
ω = 0.05 0.558 0.365 0.502 0.812 0.781
ω = 0.1 0.669 0.453 0.623 0.864 0.840
ω = 0.2 0.811 0.596 0.783 0.926 0.912
ω = 0.5 0.957 0.786 0.950 0.990 0.988
ω = 1 0.993 0.877 0.991 0.999 0.999

T = 200
ω = 0 0.391 0.211 0.353 0.696 0.672
ω = 0.01 0.427 0.252 0.389 0.719 0.699
ω = 0.05 0.613 0.411 0.580 0.825 0.807
ω = 0.1 0.777 0.552 0.758 0.900 0.892
ω = 0.2 0.920 0.724 0.912 0.971 0.967
ω = 0.5 0.992 0.880 0.991 0.999 0.998
ω = 1 0.998 0.936 0.998 1.000 1.000
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5 Appendix E: Empirical Application

5.1 Test results

The asymptotic p-values3 of our test are presented in Table E.1 for different
combinations of the order m of the Chebyshev polynomial and the lag order
p. Because the results did not vary much with p we only report the results
for p = 1, p = 6, p = 10 (Falk and Wang’s lag), and p = 18. Moreover, we
have computed the p-values for m ranging from 1 to 25, although we only
present relevant p-values.

Table E.1: Test results for the PPP hypothesis
m p = 1 p = 6 p = 10 p = 18

Can ≥ 1 0.000 0.000 0.000 0.000
Fra ≥ 1 0.000 0.000 0.000 0.000

Ger
1
≥ 2

0.158
0.000

0.461
0.000

0.033
0.000

0.010
0.000

Ita ≥ 1 0.000 0.000 0.000 0.000

Jap

1
2
3
4
≥ 5

0.662
0.102
0.029
0.037
0.000

0.383
0.457
0.013
0.014
0.000

0.001
0.001
0.000
0.000
0.000

0.019
0.004
0.000
0.000
0.000

U.K.

1
2
3
≥ 4

0.119
0.194
0.004
0.000

0.053
0.039
0.000
0.000

0.242
0.011
0.000
0.000

0.023
0.001
0.000
0.000

5.2 Plots of the TV Cointegrating Vectors

At the end of this Appendix we present the plots of the time-varying coef-
ficients β1t, β2t and β3t in the cointegrating PPP relation β

0
tYt = β1t lnS

f
t +

β2t lnP
n
t + β3t lnP

f
t , where P

n
t and P

f
t are the price indices in the domestic

and foreign economies, respectively, and Sft is the nominal exchange rate in
home currency per unit of the foreign currency. The Chebyshev polynomial
orderm was chosen according to the Hannan-Quinn criterion, and the VECM
order p was chosen p = 1.

3P
³
χ2(mrk) ≥ LRtvc

´
.
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Figure 2:
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Figure 3:
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Figure 4:

51



Figure 5:
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Figure 6:
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